Appendix B — Analysis formulae (1/8)

APPENDIX B — ANALYSIS FORMULAE

B.1 Elastic bending formulae

Bending about a principle axis:
=|\|/I— =Ek ; curvature-change K =% .1

Ro

In general, bending moment is section modulus Z times maximum bending stress.
Longitudinal shear force S on material of area As, dueto transverse shear force F on the
beam.

s
y

E AT
S=IEdeA= '?Sy per unit length of beam.

B.2 Elastic torson formulae

Round shafts: t =—=Gf wheref isthe angle of twist per unit length
r

and J= (‘rsz is the polar moment of area.
pR

2
Thin circular tube, radius R thicknesst:  J =2p R%t

Circular areg, radiusR: J =

Thin walled tube of arbitrary cross-section:

2
t:L ; T=G4Aef
2At .ds
E]t

where A¢ isthe enclosed areato mid thickness, t is
the wall thickness. and s is the distance round the
permiter.
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Appendix B — Analysis formulae  (2/8)

B.3 Taut wires, cablesor chains

Uniformly loaded cableswith horizontal chords

s = gpan length
f = cable sag y
n = f/s = sag ratio i a y=2l(-x)
L = length of cable curve AR T v S o2
AL = cable elongation due to axial stress /szox b. H =27
AL, = cable elongation due to ; H B .
temperature change, t N~ T ¢ Tmex =HyL+16n
A= areaof cable i 5 d. L:sﬂ+gn2—3—52n“+,,,a
E = modulus of elasticity of cable ' DH N -
£=thermal coefficient of linear expansion e AL, DA—EQﬁEnZQ
t = temperature change in °F 1.8,.0
p = load per unit length f. AL =&l DstsD+§n d
Uniformly loaded cables Triangular loading on cables
With inclined chords 4f fsc-x° with horizontal chords 3
Y:?SX‘X) ay=f§—8?g
T . b.H = ps’/8t .y 52—?2 3 b.H = ps®/24f
- /'T"'“ CT =H[1+ B‘l + 4n§ v=%’I IV=FTS C.T,, =+1+36n
< — H s 0 T
2 3 = rd L=sd+ 80 —1ent 4.1
'{ h d.LDs%+ s %ece " .~ oos o
. Y - Seec0 5 ; eal, 0130 +30 2
* Hs 16n? H 2 * AEOQ 5 O
VLI 7 el e 3%49%9 : 18
z H f.AL Dasd+2n2]
8n? o 5 0O
s f.aL, Das§+ . %ec@
3sec” 6
~Hh, ps
g.Ve = s "2
B.4 Vibration
Typicaly =28 for most structures Where: fisin cycles per second
y y isthe static deflection in mm
A @ A Simply supported f= 158
Mass concentrated in centre \/;
M Simply Supported f = E
Mass and stiffness distributed Jy
§ ® Cantilever § =158
Mass concentrated at end \/;
Cantilever f o 19.7
Mass and stiffness distributed \/;
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Appendix B — Analysis formulae (3/8)

B.5 Design formulae for beams - cantilever

CANTILEVER UNIFORM LOAD SPECIAL CASE: UNIFORM
ON PART OF SPAN LOAD ON FULL SPAN
w Span = L Spsn = L = b
A | o] = =
3_% 2 B, b iCc | a c (4]
R UniformLoad = W Uniform Load = W
Yo -
r : RA = W RA = W
Ra¥ [T, :
L.-,. J " MA = —W(a#%) Ma = -E!‘.
] ]
1 .
- ; W . wL?
v e ic =1ip = == (32°+3ab+b? i = =
H W c~'o o]
M“"___. [-13] 6E1
8o = =~ [82°+ 182’b+ 12ab’ + 3b>+4c(3a+ 3ab+ b | 5p = wu
© = 24€E) 8El
CANTILEVER TRIANGULAR LOAD SPECIAL CASE: TRIANGULAR
ON PART OF SPAN LOAD ON FULL SPAN
w Span = L Spsn = L = a
A \|1 : n c b = 0
B .
———e -.;..--3—-: Triangular Load = W Trianguiar Load = W
[}
:h.-A-.-.-.-.-.-...-.-.-.-.." RA = w RA = w
| S !
R [mmmm H = _Wa _ WL
o h g MA - 3 MA = -—3—
] t
] 1)
' Wa? ( ) wL?
. .Y = - = —
w W}]ﬂw” c Tser\* éc 1€
A'
t- . = = Wal - W
8 = 12€1 ‘c = 12El
CANTILEVER POINT LOAD SPECIAL CASE: POINT LOAD
AT ANY POSITION AT FREE END
Span = L Span = L = a
b =0
Point Load = W Point Load = W
RA - W RA = w
MA - —wa MA - -WL
walf . b - WL
b¢ =36 (L«v 3 S¢ 3E
. Wa? = Wwt?
8 = ¢ T3E ‘c T 2€l
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Appendix

B.6 Design formulae for beams - fixed both ends

B — Analysis formulae (4/8)

BEAM FIXED AT BOTH ENDS UNIFORM LOAD ON FULL SPAN
Span = L
w \ Total Uniform Load = W
Ay 8 w
* L RA = Ra = 5
(- - - - — .- -l
) ! WL
- : Ma = Mg =-33
o < -1 wL
Cox RL Mc = 3F
coToT - at mid-span ,
1111 — M 5 = L
e - M mex = 3gag
Ai o} E iM. W
- = = i 2
My ar L -6LX+6X%
at X - wWX? )t
from A bx = aerc 'tX
- wx
at 0-211L from esther end Mp = Mg = 0 x = R L-3Lxeaxd)
POINT LOAD AT MID-SPAN BEAM FIXED AT BOTH ENDS
Span =
L w L
Point Load = W P__;__T____i____.
= = W N §
RA = RB 3 AN - 8
P L === =
Ma = Mg = - _Wa_L . '
w .owm S .
at rmd-span ¢ 8 : x i mlmmm"m - iﬂﬁ
s _ o owt? e---- ;
max T 192€l X
- W rof . eare Rl |
Mx = glex-u w! o £ v,
at X from A 2
between { 8y = %(Iﬂ—&%x)
A&C
{ = WX 2x) at 0-25L from esth dMpn = Mg =0
x 8El om etther en p=Mg=
BEAM FIXED AT BOTH ENDS POINT LOAD AT ANY POSITION
Span = L
Point Load = W
Wb*(L + 2a) WallL +2b)
Fa=—F— Re=—10
wab? Wa'b
MA - - -F' Ma = - Ll
22
at C, under ioad, M¢ = 2w:, L
Wab® WbHL +2alX
My - hd ©
21 X from A Wb?X*[3La=(L + 2a)X]
between 3% SEIC
A&C
_ WoiX[2La-(L+2a)X]
x = 2610
. 2La _ _2Wa’p?
When a > b the maximum deflection 13 3t X = L+2s Smax = JENLs 238
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Appendix B — Analysis formulae (5/8)

B.7 Design formulae for beams - smply supported

POINT LOAD AT MID-SPAN

SIMPLY SUPPORTED BEAM
Span =q
Point Load =
w
R = R = an
A 8 2
wL
Myax = e
t Mig-
4t Ma-span s - ‘l‘!_LJ_
max 48 El
. = = WL
A 8 16€E1
_ WX
Mx =T
at X from A WX
between ( &y = 4—-(31.*-42(1)
A & centre 8€l
=N 1i_ax?
Ox - ‘SEl“. 4X )
POINT LOAD AT ANY POSITION SIMPLY SUPPORTED 8EAM
Span =L
Point Load =W PR R, w-‘l_..
Ry= VB Rg = V2 A i 8
AT T 8~ L © 4
Wab T m S smee -
M = e 1
acC max L ' |
under load s - Wain? Ray . ~ _
° T | T s
Wab !
a=gheiLeel e = griLea -t ey
Wren 2> = e v ;mmnﬂﬂmﬂlﬂm e
Senax Srmax TI7EIL JaiL vl ! -1

15 at _ {L+0)
X fromA | X =T

SIMPLY SUPPORTED BEAM TWO EQUAL SYMMETRICAL POINT LOADS
Span =L
r___g-w__b_ w.oa_ . Two Point Loads, each = W
A Jm T I ! 8 Ra = Rg =W
: _____ L _: My x Over iongthd = Wa
- ! : Smax At Mid-span = 24EI = {IL}-43%
Ra, '
| 5 -
: -IRB A under either load = S-ET (3L—4a’
; ! A = g ZEI =34 -a)
) s=a-9
' ' Mo =L =23 w
.MMMMM-J fa=b=Fbmx =58 &
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Appendix B — Analysis formulae (6/8)

[B.7 Design formulae for beams - ssimply supported (cont..)]

SIMPLY SUPPORTED BEAM UNIFORM LOAD ON FULL SPAN
Span =L
w Yotal Uniform Load = W
R, W
A ' L ! Ra = Re =3
L - oy
ﬂn{ ) ! Mrmax = B
- -:;Re at eid-span 5wy
I . bpnax = *

-
'
[
b
w
@
F Y
m

x
(]
]
[}
1
1
'_ - -t
; 1]
-3
»
[}
T o
X
l 1)
i [ V]
% 32
=
}
x

2L
at X from A{ by = 2——:"5’:L X3 =2xL+L0)
. w
= N axi-exiLsL
UNIFORM LOAD ON PART OF SPAN SIMPLY SUPPORTED BEAM
Span =L . b
Total Uniform Load = W T Tw T
A 8
Letr - OSbsc r‘-c—-—-t--q-~-ﬁ
L LI 1

Ra=wi e =Wl Ray ummmmu......, N

atX=asrb M . = Wria+0-5b) .
-

_Will=r) [ , -

- m’_ el . = gt upti=nl e
'a® EE (L =c?=Lbr): g oET {L-a’-Lbli=r)] : : M?,“,,‘
m‘- -t

Equation to elastic hne between Cand D, re. a w X £ atd

8, = P _Ixt_stascoix +63’x104‘rb(L’—cz—cb- gz)—a‘ ’X+a‘]
* = 24Elb 2
SIMPLY SUPPORTED BEAM TRIANGULAR LOAD ON FULL SPAN
. . Span =L
U SR R Total Load =W
' w ' w
H 1 RA = RB = ‘5
A meﬂmm [ m 8 wL
e - Leeo==- — Mmax = -E—
: ' at mid-span X _wu
Rag - max = §OEI
X X 'tRa ) = [} = S—WLz
i ; A 8 6E1
T S "
1 vy 6L
-4 at X from A WX
between { §x = =oos (16X* —40x" L +25L")
A & centre
. w " 2,2 .
i T e (16X ~24X° L +5L)
x TTIT
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Appendix B — Analysis formulae (7/8)

B.8 Design formulae for beams - propped cantilever

PROPPED CANTILEVER

UNIFORM LOAD ON FULL SPAN

Span = L
w Total Uniform Load = W
» VR N 3
3 L 2 Ra=gW Rg = 3W
| WL
E atA Mz ?
' 5 = 2
i atELOromA Mp = 128WL
3
at 0-5785L from A 5max ﬂ!;‘%
wt?
atB 8 = 28Ei
__W,.: 2
My == gr (LP-5LX+4X?)
at X _ Wx? a_ 2
from A bx = ggEgp (3LP-5LX+2X7)
1 A Mc=0 = WX gLi-15LX+8X2)
at ZL from A, c = 1% = Z8EIL
POINT LOAD AT MID-SPAN PROPPED CANTILEVER
Span = L . w .
Point Load = W ;..-.-..2.-.-‘_.]..-.-‘-.2..-.-.:
11 S M H
= a— = =W A 8
Ra= % Re 16 i c 3
3 re < -
atA Mmax = = jgWt A '
Al Cunily !
S f J 1 :
M = ==WL
at mid-span ¢ 32 : 3
under load 5 _ WU bl
¢~ 7esEl o
! Ml'ax T
at 0-5528L from A, by WL L
107€E1
Wt? 3
= oo = A M=0
at8 '8 32€1 at 1 L from A,
PROPPED CANTILEVER POINT LOAD AT ANY POSITION
Span L
Point Load w
Wb(3L:-b?) _ Wal(2L+b}
Ra = 20 Rg = ETE
Wab{L +b) _ Wa'b(2L +b}
Ma= -0 e="a
- = Wa’b
8 3EiL
Absolute max deflection wL
is under the load dmax max * {02€1
when a = b/2 = 0-5858L
When a>b+/2 wa'b  (Leb)
max defleActan::‘i:s between dmay = B_EI_‘(_:S—LT:DTD_’
When a<b+/2 . waib [®
= L+b = max deflection is between max = §E1 AL+
atn =al T fromA, M=0 Cand B 6El
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Appendix B — Analysis formulae (8/8)

[B.8 Design formulae for beams - propped cantilever (cont..)]

PROPPED CANTILEVER MOMENT APPLIED AT ANY POINT
N . Span = L Appiied Moment = m
s} f-\/m 18 M = L3 g = 222 (2p-a)
Lo Lo - A = U B~ &EIL 0°
- ‘.wm T 14 ™ 3(Lz —bz) m+M
Rt I )~ SR t Ra=-Rg=-—m—m=-—2
3
R M, = —Lma(a’oia’!nb’)
Negative
M, = J'Sab(th%): m+M,
M,
{M, = —0-42265m
. = 057735m
M.t ] -
Fositive M =
' { ' }as for @
M, =
UNIFORM LOAD ON LENGTH BEYOND PROP PROPPED CANTILEVER
Span =L Full Length = § 4 r..!.v_’
Uniform L?:: =W " Af{ . 5 , :C
- _3WNa - Wl _a R -_——
Ra =~ As L (s 4) SO S ... -
Wa Wa WX '
My = 2= Mg =~= ST N
) VSaZS Rat: : m\ Fe
= - ‘ R es00serueriss orsssessorss g
Deflection at C = Smax = BE SR
Max. Negative 2Deilect-on . - WL M, §
atxX = 5'- neg S4El
Wa 3
Siope a1 C = c = §'€T(S+3)
PROPPED CANTILEVER POINT LOAD AT FREE END
w Span =L Full Length = §
N l Point Load = W
AN A c
3 L 8% 4 _  3Wa W( a)
@ re e ammmnn . - Rp = = =— R = - -
: s \ - A 2L 8 L s+2
[l -
- % g = -ws
I I », Wal. s
¢ . - -
¢ Ral. K ' ' Oeflection at C = Smax = IE_I'(S’ 5)
£ ! .
M. i Max. Negative geﬂecnon s - _WL‘a
atX= EL neg 27E1
Wa
Slope at C = = —= (S+a)
atx=§L-fromA M=0 P ‘c 4El(
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