
CHAPTER 14

POLYCRYSTALLINE MODELS

The approximate models of the polycrystalline plastic response are discussed

in this chapter. The objective is to correlate the polycrystalline to single

crystal behavior and to derive the constitutive relation for a polycrystalline

aggregate in terms of the known constitutive relations for single crystals and

known (or assumed) distribution of crystalline grains within the aggregate.

The classical model of Taylor (1938a,b) and the analysis by Bishop and

Hill (1951a,b) are first presented. Determination of the polycrystalline axial

stress-strain curve and the polycrystalline yield surface is considered. The

main theme of the chapter is the self-consistent method, introduced in the

polycrystalline plasticity by Kröner (1961), and Budiansky and Wu (1962).

Hill’s (1965a) formulation and generalization of the method is followed in

the presentation. The self-consistent calculations of elastic and elastoplastic

moduli, the development of the crystallographic texture, and the effects of

the grain-size on the aggregate response are then discussed.

14.1. Taylor-Bishop-Hill Analysis

The slip in an f.c.c. crystal occurs on the octahedral planes in the directions

of the octahedron edges (Fig. 14.1). There are three possible slip directions

in each of the four distinct slip planes, making a total of twelve slip systems

(if counting both senses of a slip direction as one), or twenty four (if counting

opposite directions separately). The positive senses of the slip directions are

chosen as indicated in Table 14.1. The letters a, b, c, d refer to four slip

planes. With attached indices 1, 2 and 3, they designate the slip rates in the

respective positive slip directions.

If elastic (lattice) strains are disregarded, the components of the rate of

deformation tensor D, expressed on the cubic axes, due to simultaneous slip



Plane (111) (1̄1̄1) (1̄11) (11̄1)

Slip Rate a1 a2 a3 b1 b2 b3 c1 c2 c3 d1 d2 d3

Slip Direction [01̄1] [101̄] [1̄10] [011] [1̄01̄] [11̄0] [01̄1] [1̄01̄] [110] [011] [101̄] [1̄1̄0]

Table 14.1. Designation of slip systems in f.c.c. crystals

rates in twelve slip directions, are given by (Taylor, 1938a)
√

6D11 = a2 − a3 + b2 − b3 + c2 − c3 + d2 − d3, (14.1.1)

√
6D22 = a3 − a1 + b3 − b1 + c3 − c1 + d3 − d1, (14.1.2)

√
6D33 = a1 − a2 + b1 − b2 + c1 − c2 + d1 − d2, (14.1.3)

2
√

6D23 = −a2 + a3 + b2 − b3 − c2 + c3 + d2 − d3, (14.1.4)

2
√

6D31 = −a3 + a1 + b3 − b1 + c3 − c1 − d3 + d1, (14.1.5)

2
√

6D12 = −a1 + a2 − b1 + b2 + c1 − c2 + d1 − d2. (14.1.6)

These are derived from the formulas in Section 12.17, i.e.,

D =
12∑
α=1

Pα γ̇α =
12∑
α=1

1
2

(sα ⊗mα + mα ⊗ sα) γ̇α, (14.1.7)

where mα is the unit slip plane normal, and sα is the slip direction. For

example, the contribution from the slip rate γ̇ = a1 is obtained by using

m =
1√
3

(1, 1, 1), s =
1√
2

(0,−1, 1), (14.1.8)

which gives

1
2

(sα ⊗mα + mα ⊗ sα) a1 =
a1

2
√

6


 0 −1 1
−1 −2 0
1 0 2


 . (14.1.9)

An arbitrary rate of deformation tensor has five independent components

(trD = 0 for a rigid-plastic crystal), and therefore can only be produced by

multiple slip over a group of slip systems containing an independent set of

five. Of the C12
5 = 792 sets of five slips, only 384 are independent (Bishop



Figure 14.1. Twelve different slip directions in f.c.c. crys-
tals (counting opposite directions as different) are the edges
of the octahedron shown relative to principal cubic axes.
Each slip direction is shared by two intersecting slip planes
so that there is a total of 24 independent slip systems (12 if
counting opposite slip directions as one).

and Hill, 1951b). The 408 dependent sets are identified as follows. First, as

Taylor originally noted, only two of three slip systems in the same slip plane

are independent. The unit slip rates along a1, a2 and a3 directions together

produce the zero resultant rate of deformation. The same applies to three

slip directions in b, c and d slip planes. We write this symbolically as

a1 + a2 + a3 = 0, b1 + b2 + b3 = 0, c1 + c2 + c3 = 0, d1 + d2 + d3 = 0.
(14.1.10)

Thus, if the set of five slip systems contains a1, a2 and a3, there are C9
2 = 36

possible combinations with the remaining nine slip systems. These 36 sets of

five slips cannot produce an arbitrary D, with five independent components,

and are thus eliminated from 792 sets of five slips. Additional 3× 36 = 108

sets, associated with dependent sets of three slips in b, c and d planes, can

also be eliminated. This makes a total of 144 dependent sets corresponding

to the constraints (14.1.10).
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Of the remaining 648 sets of five slips, 324 involve two slips in each of

two slip planes with one in a third (6 × 32 × 6 = 324), while 324 involve

two slips in one slip plane and one in each of the other three slip planes

(4 × 34 = 324). In the latter group, there are 3 × 8 = 24 sets involving the

combinations

a1 − b1 + c1 − d1 = 0, a2 − b2 + c2 − d2 = 0, a3 − b3 + c3 − d3 = 0.
(14.1.11)

These expressions can also be interpreted as meaning that such combinations

of unit slips produce zero resultant rate of deformation. The 24 sets of five

slips, involving four slip rates according to (14.1.11), can thus be eliminated

(these sets necessarily consists of two slips in one plane and one slip in each

of the remaining three slip planes). Additional 12 sets are eliminated, which

correspond to conditions obtained from (14.1.11) by adding or subtracting∑
ai, . . . ,

∑
di, one at a time, to each of (14.1.11). A representative of these

is a1 − b1 + c1 + d2 + d3 = 0 (Havner, 1992).

There are 4× 33 = 132 dependent sets associated with

a1 + b2 + d3 = 0, a2 + b1 + c3 = 0, a3 + c2 + d1 = 0, b3 + c1 + d2 = 0.
(14.1.12)

Each group of 33 sets consists of 21 sets involving two slips in one plane

and one slip in each of other three planes, and 12 sets involving two slips

in two planes and one slip in one plane. Additional 84 sets can be elim-

inated by subtracting
∑

ai,
∑

bi and
∑

di, one at a time, from the first

of (14.1.12), and similarly for the other three. This makes 12 groups of 7

sets. A representative group is associated with a1 + b2 − d1 − d2 = 0. Four

of the 7 sets consist of two slips in two planes and one slip in one plane,

while three sets consist of two slips in one plane and one slip in each of the

other three planes. Finally, 12 more sets (making total of 228 dependent

sets associated with (14.1.12) and their equivalents) can be eliminated by

subtracting appropriate one of
∑

ai, . . . ,
∑

di from each of the 12 previous

group equations. An example is −a1 +b1 +b3 +d1 +d2 = 0. They all involve

two slips in each of two planes and one slip in another plane.

In summary, there is a total of 408 dependent sets of five slips: 144 sets

with three slips in the same plane, 108 sets with two slips in each of two

planes and one in a third, and 156 sets with two slips in one plane and one



slip in each of the other three planes. Taylor (1938a) originally considered

only 216 sets as geometrically admissible (involving double slip in each of

two planes), and did not observe 168 admissible sets with double slip in only

one plane. These were originally identified by Bishop and Hill (1951b).

14.1.1. Polycrystalline Axial Stress-Strain Curve

In an early approach to predict the tensile yield stress of a polycrystalline ag-

gregate, Sachs (1928) assumed that each grain is subjected to uniaxial stress

parallel to the specimen axis and sufficient to initiate slip in the most critical

slip system. Since each grain was assumed to deform only by a single slip, the

deformations across the grain boundaries of differently oriented grains were

incompatible. Furthermore, since the stress in each grain was assumed to

be a simple tension, of the different amount from grain to grain, the equilib-

rium across the grain boundaries was not satisfied, either. Nonetheless, the

obtained value for the aggregate tensile yield stress was about 2.2 τ , where

τ is the yield stress of a single crystal, which was not a very unsatisfactory

estimate.

A more realistic model was proposed by Taylor (1938a), who assumed

that every grain within a polycrystalline aggregate, subjected to macro-

scopically uniform deformation, sustains the same deformation (strain and

rotation). This ensures compatibility, but not equilibrium, across the grain

boundaries. As discussed below, the calculated value for the aggregate ten-

sile yield stress is about 3.1 τ . Taylor’s assumption can be viewed as an

extension of Voigt’s (1889) uniform strain assumption for the elastic inho-

mogeneous bodies, as discussed later in Section 14.5.

Let φ, θ and ψ denote the Euler angles of the lattice axes of an arbitrary

grain relative to the specimen axes. These can be defined as follows. Be-

ginning with the coincident axes, imagine that the grain is first rotated by

φ about [001] axis, then by θ about the current direction of the [010] axis,

and finally by ψ about the new direction of the [001] axis. Counterclockwise

rotations are positive. The corresponding orthogonal transformation defin-

ing the direction cosines of the crystal axes relative to the specimen axes is

(Havner, 1992)



Q =
(

cosφ cos θ cosψ − sinφ sinψ sinφ cos θ cosψ + cosφ sinψ − sin θ cosψ
− cosφ cos θ sinψ − sinφ cosψ − sinφ cos θ sinψ + cosφ cosψ sin θ sinψ

cosφ sin θ sinφ sin θ cos θ

)
.

(14.1.13)

If the polycrystalline aggregate is subjected to uniform rate of deformation

D∞, the components of this tensor on the local crystal axes of an arbitrarily

oriented grain are the components of the matrix Q · D∞ · QT . This in

general has five independent components, and at least five independent slip

systems must be active in the crystal to satisfy equations (14.1.1)–(14.1.6).

Taylor assumed that only five systems will actually activate. As already

discussed, there are 384 independent combinations of five slip rates that can

produce a local rate of deformation with five independent components on the

local crystal axes. Taylor (1938a,b) suggested, and Bishop and Hill (1951a)

proved, that of all possible combinations of the slip rates, the actual one is

characterized by the least sum of the absolute values of the slip rates. This

was discussed in Section 12.7. From Eqs. (13.19.7) and (13.19.9), we can

write

{σ : D} = {min
∑
α

ταcr |γ̇α| } , (14.1.14)

where { } denotes the orientation average. Assuming that the hardening of

slip systems is isotropic, ταcr = τcr for all slip systems within a grain, and

since D is assumed to be equal to D∞ in every grain, Eq. (14.1.14) becomes

{σ} : D∞ = { τcr min
∑
α

|γ̇α| } . (14.1.15)

The average critical resolved shear stress τ̄cr of the aggregate can be defined

by requiring that

{ τcr min
∑
α

|γ̇α| } = τ̄cr {min
∑
α

|γ̇α| } , (14.1.16)

so that

{σ} : D∞ = τ̄cr {min
∑
α

|γ̇α| } . (14.1.17)

If the macroscopic logarithmic strain in the direction of applied uniaxial

tension σ is e (the lateral strain components of macroscopically isotropic

specimen being equal to −e/2), the rate of work is

σ ė = τ̄cr {min
∑
α

|γ̇α| } . (14.1.18)



Figure 14.2. Standard [001] stereographic projection of
cubic crystals. The 24 triangles represent regions in which
a particular slip system operates. For f.c.c. crystals the
letters a, b, c, d represent the four slip planes {111}, and the
numbers (indices) 1, 2, 3 designate the three slip directions
〈110〉 (with attached bar, the number designates the op-
posite slip system). For b.c.c. crystals the letters represent
the four slip directions 〈111〉, and the numbers designate the
three {110} planes which contain each slip direction (from
Havner, 1982; with permission from Elsevier Science).

The ratio

m =
σ

τ̄cr
=
{min

∑
α |dγα| }

de
(14.1.19)

is known as the Taylor orientation factor. Taylor (1938a) chose 44 initial

orientations distributed uniformly over the spherical triangle [101][100][111̄]

within a standard [001] stereographic projection (d3̄ in Fig. 14.2). The cal-

culated value of m was m = 3.10. More accurate calculations of Bishop
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Figure 14.3. Single-crystal stress-strain curve τ = f(γ)
and Taylor’s prediction of the stress-stretch curve σ = σ(λ)
for the polycrystalline aggregate (from Taylor, 1938b; with
permission from the Institute for Materials).

and Hill (1951b), accounting for all 384 geometrically admissible sets of five

independent slip rates, resulted in an improved value of m = 3.06.

The polycrystalline stress-strain curve σ = σ(e) can be deduced from

Eq. (14.1.19) as

σ = m τ̄cr = mf(γ̄) = mf

(∫
mde

)
, (14.1.20)

where

γ̄ =
∫
{min

∑
α

|dγα| } =
∫

mde . (14.1.21)

Here, it is assumed that the function f , relating τ̄cr and γ̄, is the same

function that relates the shear stress and shear strain in a monocrystal under

single slip, τ = f(γ). For aluminum crystals investigated by Taylor, this

function was found to be nearly parabolic (∼ γ1/2).

It is noted that the Taylor factor m depends on the strain level, because

lattice rotations change the orientation of slip systems within grains relative

to the specimen axes. The tensile stress-strain curve shown in Fig. 14.3

was obtained by Taylor using the constant value of m. Single crystal and

polycrystalline data from uniaxial stress experiments can be found in Bell

(1968).
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14.1.2. Stresses in Grain

It is of interest to analyze the state of stress in an individual grain. Particu-

larly important is to analyze whether there is a stress state, associated with a

geometrically admissible set of slip rates, that is also physically admissible.

For the physically admissible set, the resolved shear stress along inactive

slip directions does not exceed the critical shear stress there. This problem

was studied by Bishop and Hill (1951b). If the components of the uniform

stress in the grain are σij , relative to the local cubic axes, the resolved shear

stresses (multiplied by
√

6) in the twelve f.c.c. slip systems are
√

6 τa1 = −σ22 + σ33 + σ31 − σ12,
√

6 τa2 = −σ33 + σ11 − σ23 + σ12,

√
6 τa3 = −σ11 + σ22 + σ23 − σ31, (14.1.23)

√
6 τb1 = −σ22 + σ33 − σ31 − σ12,

√
6 τb2 = −σ33 + σ11 + σ23 + σ12,

√
6 τb3 = −σ11 + σ22 − σ23 + σ31, (14.1.25)

√
6 τc1 = −σ22 + σ33 − σ31 + σ12,

√
6 τc2 = −σ33 + σ11 − σ23 − σ12,

√
6 τc3 = −σ11 + σ22 + σ23 + σ31, (14.1.27)

√
6 τd1 = −σ22 + σ33 + σ31 + σ12,

√
6 τd2 = −σ33 + σ11 + σ23 − σ12,

√
6 τd3 = −σ11 + σ22 − σ23 − σ31. (14.1.29)

The 12 × 6 matrix of the coefficients in these relations, between the 12

resolved shear stresses and 6 stress components, is the transpose of the 6×12

matrix of the coefficients relating the rate of deformation components to the

slip rates in Eqs. (14.1.1)–(14.1.6). From the set of 12 equations (14.1.23)–

(14.1.29) we can always find a stress state (apart from pressure) for which

the resolved shear stress attains the critical value in five independent slip

directions. The critical stress would usually be exceeded in one or more of the

other seven slip directions. However, for any prescribed rate of deformation

D, it is always possible to find at least one set of five slip rates, geometrically



equivalent to D, for which there exist a physically admissible stress state

that does not violate the yield condition on other seven slip systems. Bishop

(1953) actually proved that, for a given D, a stress state determined by

minimizing the rate of work ẇ = σ : D will not exceed the critical shear

stress in any other slip system. It is recalled that the work on physically

operating slip rates is less than the work done on the slip rates that are only

geometrically possible; see (12.19.8).

For example, a tension or compression of amount
√

6 τcr along a cubic

axis is a stress state on an eightfold vertex of a polyhedral yield surface of

the single crystal, since the substitution of σ11 = σ22 = σ12 = σ23 = σ31 = 0

and σ33 =
√

6 τcr into Eqs. (14.1.23)–(14.1.29) gives

τa1 = −τa2 = τb1 = −τb2 = τc1 = −τc2 = τd1 = −τd2 = τcr , (14.1.30)

and

τa3 = τb3 = τc3 = τd3 = 0. (14.1.31)

Differential hardening is assumed to be absent, so that all slip systems harden

equally (τcr equal on all slip systems). The microscopic Bauschinger effect

is assumed to be absent, as well, so that the critical shear stress is equal

in opposite senses along the same slip direction. A tension or compression

of amount
√

6 τcr normal to an octahedral plane is a physically admissible

stress state, too, being on a sixthfold vertex of the monocrystalline yield

surface. Indeed, the substitution of σ11 = σ22 = σ33 = 0 and σ12 = σ23 =

σ31 =
√

6 τcr/2 into Eqs. (14.1.23)–(14.1.29) gives

τb2 = −τb1 = τc3 = −τc2 = τd1 = −τd3 = τcr , (14.1.32)

and

τa1 = τa2 = τa3 = τb3 = τc1 = τd2 = 0. (14.1.33)

The stresses in grains, associated with the assumption of equal deforma-

tion D∞ in all grains, will not be in equilibrium across the grain boundaries.

Denote this stress by σ̂c. Let σc be the actual stress in the grain of a poly-

crystalline aggregate, corresponding to the actual rate of deformation Dc

that takes place in the grain. The fields σc and Dc are the true equilib-

rium and compatible fields of the polycrystalline aggregate. The orientation

average

{σc} = σ∞ (14.1.34)



is the macroscopically uniform stress applied to the aggregate, and the av-

erage

{Dc} = D∞ (14.1.35)

is the corresponding macroscopically uniform (average) deformation rate in

the aggregate. Since σ̂c is the stress state on the current yield surface of

the grain, at which D∞ would occur in the grain, from the maximum work

principle (12.19.14) we can write

(σ̂c − σc) : D∞ ≥ 0. (14.1.36)

This holds because the stress σc does not violate the current yield condition

for the grain, being the stress state at which the actual Dc takes place. Thus,

upon averaging of (14.1.36), we obtain

{σ̂c} : D∞ ≥ σ∞ : D∞. (14.1.37)

This means that the actual rate of work done on a polycrystalline aggregate

is not greater that the rate of work that would be done if all grains under-

went the same (macroscopic) rate of deformation. Bishop and Hill (1951b)

argued that the two rates of work are in fact nearly equal, and suggested an

approximation

{σ̂c} : D∞ ≈ σ∞ : D∞. (14.1.38)

14.1.3. Calculation of Polycrystalline Yield Surface

The objective is now to calculate the polycrystalline yield surface in terms of

the single crystal properties. First, since a superposed uniform hydrostatic

stress throughout the aggregate does not affect the resolved shear stress on

any slip system, and since slip is assumed to be governed by a pressure-

independent Schmid law, the polycrystalline yield surface does not depend

on the hydrostatic part of the applied stress. The surface is cylindrical, with

its generator parallel to the hydrostatic stress axis. If there is no microscopic

Bauschinger effect, the critical shear stress does not depend on the sense of

slip along the slip direction, which implies that the polycrystalline yield

surface is symmetric about the origin. Thus, if σ∞ produces yielding of the

aggregate, so does −σ∞. When the aggregate is macroscopically isotropic,

the corresponding yield surface possesses a sixfold symmetry in the deviatoric

π plane of the principal stress space (e.g., Hill, 1950).



Bishop and Hill (1951a) showed that, in the absence of the Bauschinger

effect, the yield locus certainly lies between the two cylindrical surfaces. The

inner locus is associated with the assumption that the stress state is uniform

in all grains, but the displacement continuity is violated. The outer locus

corresponds to deformation being considered uniform, and the equilibrium

across the grain boundaries violated. Bishop and Hill (1951b) subsequently

introduced the following approximate method of calculating the shape of

the yield surface. Equation (14.1.38) implies that the end point of the stress

state {σ̂c} lies on or very near the hyperplane in the macroscopic stress space

that is orthogonal to D∞ and tangent to the aggregate yield surface at the

point σ∞. The perpendicular distance from the stress origin to the yield

hyperplane Σ, associated with D∞, is

hΣ =
σ∞ : D∞

(D∞ : D∞)1/2
≈ {σ̂c} : D∞

(D∞ : D∞)1/2
. (14.1.39)

The polycrystalline yield surface is then the envelope of all planes Σ for the

complete range of the directions D∞.

Rather than by a lengthy calculation of σ̂c in each grain, correspond-

ing to a prescribed D∞, and the averaging procedure to find hΣ, it is more

convenient to use the maximum plastic work principle, i.e., to calculate the

works done on D∞ by the stress states that do not violate the crystalline

yield conditions, and select from these the greatest. Bishop and Hill (1951

b) established that for an isotropic aggregate, in which all slip directions in

every grain harden equally, it is only necessary to investigate 56 particular

stress states, corresponding to the vertices of the polyhedral crystalline yield

surface. Thirty-two of them correspond to a sixfold vertex (resolved shear

stress attains the critical value in six different slip systems), and twenty-four

stress states correspond to an eightfold vertex. These stress states can be

recognized from Eqs. (14.1.23)–(14.1.29). In addition to the two types of

stress state mentioned in the previous subsection, three more types of the

stress states are: pure shear of amount
√

6 τcr in a cubic plane parallel to a

cubic axis; pure shear of amount
√

3 τcr in a cubic plane and at π/8 to the cu-

bic axes; and the stress state with the principal stresses ±
√

6 τcr (1, 0,−1/2),

in which the zero principal stress is normal to an octahedral plane, and a
√

6 τcr/2 principal stress is along a slip direction in that plane.



Figure 14.4. Polycrystalline yield loci for f.c.c. metals
according to Bishop and Hill’s theory, Tresca, and von Mises
criteria. Indicated also are experimental data for aluminum
and copper (from Bishop and Hill, 1951b; with permission
from Taylor & Francis Ltd).

Because of the sixfold symmetry of the polycrystalline yield surface, only

macroscopic rates of deformation D∞ whose principal values are in the range

(1,−r, r − 1)D∞
1 ,

1
2
≤ r ≤ 1 (14.1.40)

need to be considered. The axis of the major rate of deformation is then

restricted to one of the 48 identical spherical triangles in the standard stere-

ographic projection, while other axes can rotate through half a revolution

about the major axis. In calculations, Bishop and Hill took 5◦ intervals in

θ and φ, and 18◦ intervals in ψ (these are the Euler angles of the principal

axes relative to the cubic local axes). With an error estimated to be not
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more than one unit in the second decimal place, they obtained

hΣ

τcr
=

√
2
3
× 3.06 = 2.50 (14.1.41)

for an axisymmetric uniaxial tension (r = 1/2), and

hΣ

τcr
=

√
2
3
× 2.86 = 2.34 (14.1.42)

for pure shear (r = 1). Thus, the ratio of the yield stress in shear to that

in tension is 2.86/(
√

3 × 3.06) = 0.54, compared with 0.5 for the Tresca,

and 0.577 for the von Mises criterion. A representative 60◦ sector of the

calculated yield locus in the π plane is shown in Fig. 14.4. Also shown

are the experimental data of Taylor and Quinney (1931), as well as the

von Mises and Tresca yield loci. The calculated theoretical yield locus lies

between the Tresca and von Mises loci. Since the value of hΣ was obtained

from the approximation given by the far right-hand side of (14.1.39), and

since (14.1.37) actually holds, the calculated yield surface is an upper bound

to the true yield surface. See, also, Hill (1967), Havner (1971), and Kocks

(1970,1987). The development of the vertex at the loading point of the

polycrystalline yield surface is discussed in Subsection 14.8.2, and the effects

of the texture in Section 14.9.

14.2. Eshelby’s Inclusion Problem of Linear Elasticity

An improved model of polycrystalline response can be constructed in which

the interaction among grains is approximately taken into account by con-

sidering a grain to be embedded in the matrix with the overall aggregate

properties, to be determined by the analysis. In this self-consistent method,

discussed in detail in the subsequent sections, a prominent role plays the

Eshelby inclusion problem. When an infinite elastic medium of the stiffness

LLL, containing an ellipsoidal elastic inhomogeneity of the stiffness LLLc, is sub-

jected to the far field uniform state of stress σ∞, the state of stress σc within

the inhomogeneity is also uniform. This result was first obtained by Eshelby

(1957, 1961), who derived it from the consideration of an auxiliary inclusion

problem. Some aspects of that analysis are briefly reviewed in this section.



Figure 14.5. Schematics of Eshelby’s inclusion problem.
An ellipsoidal region, removed from an unstressed infinite
medium, is subjected to an infinitesimal uniform eigenstrain
ε0 and inserted back into the medium. The state of strain
in the inclusion after insertion is uniform and given by ε∗ =
SSS : ε0, where SSS is the Eshelby tensor.

14.2.1. Inclusion Problem

An ellipsoidal region of an unstressed infinitely extended homogeneous elas-

tic medium is imagined to be removed from the medium and subjected to

an infinitesimal uniform transformation strain (eigenstrain) ε0 (Fig. 14.5).

When inserted back into the matrix material, the inclusion attains the strain

ε∗ = SSS : ε0. (14.2.1)

Eshelby (1957) has shown that the in situ strain ε∗ is also uniform, by

demonstrating that the components of the fourth-order nondimensional ten-

sor SSS are functions of the elastic moduli ratios and the aspect ratios of the

ellipsoid only. An arbitrary state of elastic anisotropy was assumed. The Es-

helby tensor SSS is obviously symmetric with respect to the interchange of the

leading pair of indices, and also of the terminal pair (Sijkl = Sjikl = Sijlk),

but does not in general possess a reciprocal symmetry (Sijkl = Sklij). Fur-

thermore, since ε0 vanishes with SSS : ε0, the tensor SSS has its inverse SSS−1.

The rotation within the ellipsoidal inclusion is also uniform, and related to

the prescribed eigenstrain by

ω∗ = Π : ε0, (14.2.2)

where Π is an appropriate fourth-order tensor (Eshelby, op. cit.). In the case

of spherical inclusion, ω∗ = 0.

��

��

�



If the material is isotropic, the components of SSS depend only on the

Poisson ratio ν and the aspect ratios of the ellipsoid. Explicit formulae for

Sijkl, on the ellipsoidal axes, can be found in Eshelby’s paper. In the case

of spherical inclusion, SSS is an isotropic tensor,

SSS = αJJJ + βKKK , (14.2.3)

where

β =
1 + ν

3(1− ν)
, 5α+ β = 3, (14.2.4)

and

Kijkl =
1
3
δijδkl, Jijkl = Iijkl −Kijkl. (14.2.5)

The components of the fourth-order unit tensor are Iijkl = (δikδjl+δilδjk)/2.

Eshelby’s tensor for anisotropic materials can be found in Mura’s (1987)

book, which contains the references to other related work. See, also, Willis

(1964).

The state of stress within the inclusion is uniform and given by

σ∗ = LLL : (ε∗ − ε0) = LLL : (SSS − III ) : ε0. (14.2.6)

It is convenient to introduce the stress tensor σ0 that would be required to

remove the eigenstrain ε0. This is

σ0 = −LLL : ε0, (14.2.7)

so that

σ∗ = LLL : ε∗ + σ0. (14.2.8)

The conjugate Eshelby tensor TTT is defined by

σ∗ = TTT : σ0. (14.2.9)

The relationship between SSS and TTT can be deduced from Eqs. (14.2.6) and

(14.2.9), i.e.,

LLL : (SSS − III ) : ε0 = −TTT : LLL : ε0. (14.2.10)

Since ε0 is an arbitrary uniform strain, this gives

LLL : (III − SSS ) = TTT : LLL, (III −TTT ) : LLL = LLL : SSS . (14.2.11)

An alternative derivation proceeds from

ε∗ =MMM : (σ∗ − σ0) =MMM : (TTT − III ) : σ0, (14.2.12)



where

ε0 = −MMM : σ0, MMM = LLL−1. (14.2.13)

Thus

MMM : (TTT − III ) : σ0 = −SSS :MMM : σ0. (14.2.14)

Since σ0 is an arbitrary uniform stress, there follows

MMM : (III −TTT ) = SSS :MMM, (III − SSS ) :MMM =MMM : TTT . (14.2.15)

If a far-field uniform state of stress σ∞ = LLL : ε∞ is superposed to the

matrix material, with an inserted inclusion, the states of stress and strain

within the inclusion are, by superposition,

σi = σ∗ + σ∞, εi = ε∗ + ε∞. (14.2.16)

The inclusion stress and strain are related by

σi = LLL : (εi − ε0), εi =MMM : (σi − σ0), (14.2.17)

which follows from Eqs. (14.2.6) and (14.2.16). The states of stress and

strain in the surrounding matrix are nonuniform and related by σm = LLL : εm.

At infinity, σm becomes σ∞, and εm becomes ε∞.

14.2.2. Inhomogeneity Problem

Consider next an ellipsoidal inhomogeneity with elastic moduli LLLc, sur-

rounded by an unstressed infinite medium with elastic moduli LLL. When

subjected to the far field uniform state of stress and strain,

σ∞ = LLL : ε∞, (14.2.18)

the stress and strain in the inhomogeneity are also uniform and related by

σc = LLLc : εc. (14.2.19)

Eshelby has shown that σc and εc can be calculated from the previously

solved inclusion problem by specifying the inclusion eigenstrain ε0 such that

σc = σi and εc = εi . (14.2.20)

The eigenstrain needed for this homogenization obeys, from Eqs. (14.2.17)

and (14.2.19),

LLLc : εc = LLL : (εc − ε0). (14.2.21)



In view of

εc = ε∞ + ε∗ = ε∞ + SSS : ε0, (14.2.22)

the homogenization condition (14.2.21) becomes

(LLL −LLLc) : ε∞ = [LLL − (LLL −LLLc) : SSS ] : ε0. (14.2.23)

This specifies the homogenization eigenstrain,

ε0 = [LLL − (LLL −LLLc) : SSS ]−1 : (LLL −LLLc) : ε∞, (14.2.24)

in terms of the known LLL, LLLc, SSS , and ε∞. Substituting Eq. (14.2.24) into

Eq. (14.2.21), the strain in the inhomogeneity can be expressed as

εc = AAAc : ε∞, (14.2.25)

where AAAc is the concentration tensor

AAAc = III + SSS : [LLL − (LLL −LLLc) : SSS ]−1 : (LLL −LLLc). (14.2.26)

Note also that

σc = LLL : εc + σ0, (14.2.27)

which can be compared with Eq. (14.2.7).

In a dual analysis, in place of Eq. (14.2.19), we have

εc =MMMc : σc. (14.2.28)

To find the homogenization stress σ0, in order that εc = εi and σc = σi, we

require that

MMMc : σc =MMM : (σc − σ0). (14.2.29)

Since

σc = σ∞ + σ∗ = σ∞ + TTT : σ0, (14.2.30)

there follows

σ0 = [MMM− (MMM−MMMc) : TTT ]−1 : (MMM−MMMc) : σ∞. (14.2.31)

Thus, the stress in the inhomogeneity can be expressed as

σc = BBBc : σ∞, (14.2.32)

where BBBc is a dual-concentration tensor

BBBc = III + TTT : [MMM− (MMM−MMMc) : TTT ]−1 : (MMM−MMMc). (14.2.33)

We interpret ε∗ and σ∗ in

εc = ε∞ + ε∗, σc = σ∞ + σ∗ (14.2.34)



as the deviations of the strain and stress within the inhomogeneity from the

applied remote fields, due to different elastic properties of the inhomogeneity

and the surrounding matrix. Clearly, if LLLc = LLL, then AAAc = BBBc = III , i.e.,

εc = ε∞ and σc = σ∞.

The relationship between the concentration tensors AAAc and BBBc can be

derived by either substituting Eqs. (14.2.25) and (14.2.32) into σc = LLLc : εc,

which gives

BBBc : LLL = LLLc : AAAc, (14.2.35)

or by substituting Eqs. (14.2.25) and (14.2.32) into εc = MMMc : σc, which

gives

AAAc :MMM =MMMc : BBBc. (14.2.36)

14.3. Inclusion Problem for Incrementally Linear Material

Consider an ellipsoidal grain (crystal) embedded in an infinite medium of a

different (or differently oriented) material. Both materials are assumed to be

incrementally linear, with fully symmetric tensors of instantaneous moduli

LLLc and LLL. Superscript c stands for the crystalline grain. The instantaneous

moduli relate the convected rate of the Kirchhoff stress and the rate of

deformation tensor, such that
�
τ = LLL : D. (14.3.1)

Here,
�
τ =

�
σ + σ trD is the rate of Kirchhoff stress with the current con-

figuration as the reference. The instantaneous moduli tensor LLL was denoted

by LLL(1) in earlier chapters, but for simplicity we omit in this chapter the

underline symbol and the suffix (1). The same remark applies to LLLc.

In the absence of body forces, the equations of continuing equilibrium

require that the rate of nominal stress is divergence-free (see Section 3.11),

i.e.,

∇ · Ṗ = ∇ ·
(

�
τ + σ · LT

)
= 0. (14.3.2)

The existing state of the Cauchy stress σ is in equilibrium, so that

∇ · σ = 0. (14.3.3)

The term ∇ · (σ ·LT ) in Eq. (14.3.2) would thus vanish identically in a field

of uniform velocity gradient L. In a nonuniform field of L, the term will



be disregarded presuming that the components of σ are small fractions of

dominant instantaneous moduli, and that the spin components are not large

compared to the rate of deformation components (Hill, 1965a). Thus, we

take approximately

∇ · �τ = 0, (14.3.4)

and for a prescribed D at infinity, the problem is analogous to Eshelby’s

problem of linear elasticity, considered in Section 14.2.

The rate of stress and strain are uniform within the ellipsoidal grain,

and can be expressed as
�
τ c =

�
τ ∞ +

�
τ∗, Dc = D∞ + D∗, (14.3.5)

with the connections
�
τ c = LLLc : Dc,

�
τ ∞ = LLL : D∞. (14.3.6)

Deviation from the far-field uniform rates
�
τ ∞ and D∞ are denoted by

�
τ∗

and D∗. Note that during the deformation process an ellipsoidal crystal

remains ellipsoidal, under the uniform deformation.

We retain the convected rate of stress in Eqs. (14.3.4)–(14.3.6) to pre-

serve the objective structure of the rate-type constitutive relations. Also,

the convected rate
�
τ c has a property that its average over a representative

macroelement is an appropriate macrovariable in the constitutive analysis

of the micro-to-macro transition, discussed in Section 13.4. In a truly infin-

itesimal formulation, we would simply proceed with the rates of the Cauchy

stress σ̇c and σ̇∞.

Hill (1965a) introduced a constrained tensor LLL∗ of the material sur-

rounding the grain, such that
�
τ∗ = −LLL∗ : D∗. (14.3.7)

It will be shown in the sequel that LLL∗ depends only on LLL and the aspect

ratios of the ellipsoid, but not on LLLc. By substituting Eqs. (14.3.5) and

(14.3.6) into Eq. (14.3.7), we obtain

LLLc : Dc −LLL : D∞ = −LLL∗ : (Dc −D∞), (14.3.8)

i.e.,

(LLLc +LLL∗) : Dc = (LLL+LLL∗) : D∞. (14.3.9)



Thus,

Dc = AAAc : D∞, (14.3.10)

where the concentration tensor AAAc is

AAAc = (LLLc +LLL∗)−1 : (LLL+LLL∗). (14.3.11)

To determine a constraint tensor LLL∗, we make use of Eshelby’s inclusion

problem and write, in analogy with Eq. (14.2.6),
�
τ∗ = LLL : (D∗ −D0) = LLL : (SSS − III ) : D0. (14.3.12)

The homogenization rate of deformation is D0, and

D∗ = SSS : D0. (14.3.13)

The tensor SSS here depends on the instantaneous moduli ratios and the cur-

rent aspect ratios of the deformed ellipsoid. In addition, from the Eshelby’s

inclusion problem we can express the spin tensor as W∗ = Π : D0. Com-

paring Eq. (14.3.12) with
�
τ∗ = −LLL∗ : D∗ = −LLL∗ : SSS : D0, (14.3.14)

gives

LLL∗ : SSS = LLL : (III − SSS ), (14.3.15)

or

LLL∗ = LLL : (SSS−1 − III ). (14.3.16)

If Eq. (14.3.15) is compared with Eq. (14.2.11), there follows

LLL∗ : SSS = TTT : LLL. (14.3.17)

Furthermore, from Eq. (14.3.15) we can write

SSS = (LLL+LLL∗)−1 : LLL, SSS−1 = III +MMM : LLL∗. (14.3.18)

Alternatively, by taking a trace product of

D∗ =MMM :
�
τ∗ + D0 (14.3.19)

with Eshelby’s tensor SSS gives

(SSS − III ) : D∗ = SSS :MMM :
�
τ∗. (14.3.20)

The tensor of the instantaneous elastic compliances is MMM = LLL−1. Since

D∗ = −MMM∗ :
�
τ∗, MMM∗ = LLL−1

∗ , (14.3.21)



we obtain

(III − SSS ) :MMM∗ = SSS :MMM, (14.3.22)

and

SSS =MMM∗ : (MMM+MMM∗)−1. (14.3.23)

The inverse of this is clearly in accord with Eq. (14.3.18).

14.3.1. Dual Formulation

In a dual approach, we use Eq. (14.3.21) and

Dc =MMMc :
�
τ c, D∞ =MMM :

�
τ ∞, (14.3.24)

where MMMc = LLL−1
c is the crystalline instantaneous compliances tensor, to

obtain

(MMMc +MMM∗) :
�
τ c = (MMM+MMM∗) :

�
τ ∞. (14.3.25)

Consequently
�
τ c = BBBc :

�
τ ∞. (14.3.26)

A dual-concentration tensor BBBc is

BBBc = (MMMc +MMM∗)−1 : (MMM+MMM∗). (14.3.27)

To determine a constraint tensor MMM∗ in terms of MMM and the conjugate

Eshelby tensor TTT , we write, in analogy with Eq. (14.2.12),

D∗ =MMM : (
�
τ∗ −

�
τ0) =MMM : (TTT − III ) :

�
τ0. (14.3.28)

The homogenization rate of stress is
�
τ0 = −LLL : D0, (14.3.29)

and
�
τ∗ = TTT :

�
τ0. (14.3.30)

Note that L0 = D0, since W0 = 0, because only the rate of eigenstrain

D0 gives rise to in situ stress and strain rates in the inclusion problem.

Comparing Eq. (14.3.28) with

D∗ = −MMM∗ :
�
τ∗ = −MMM∗ : TTT :

�
τ0, (14.3.31)

gives

MMM∗ : TTT =MMM : (III −TTT ), (14.3.32)



or

MMM∗ =MMM : (TTT−1 − III ). (14.3.33)

If Eq. (14.3.32) is compared with Eq. (14.2.15), there follows

MMM∗ : TTT = SSS :MMM. (14.3.34)

In addition, from Eq. (14.3.32) we can write

TTT = (MMM+MMM∗)−1 :MMM, TTT−1 = III +LLL :MMM∗. (14.3.35)

Alternatively, by taking a trace product of
�
τ∗ = LLL : D∗ +

�
τ0 (14.3.36)

with the conjugate Eshelby tensor TTT gives

(TTT − III ) :
�
τ∗ = TTT : LLL : D∗. (14.3.37)

Having in mind Eq. (14.3.7), we arrive at

(III −TTT ) : LLL∗ = TTT : LLL, (14.3.38)

and

TTT = LLL∗ : (LLL+LLL∗)−1. (14.3.39)

The inverse of this is clearly in accord with Eq. (14.3.35).

14.3.2. Analysis of Concentration Tensors

It is first observed from Eqs. (14.3.18) and (14.3.39) that

SSS :MMM =MMM∗ : TTT = (LLL+LLL∗)−1 = PPP , (14.3.40)

while, from Eqs. (14.3.23) and (14.3.35),

TTT : LLL = LLL∗ : SSS = (MMM+MMM∗)−1 = QQQ . (14.3.41)

For convenience, the products that appear in Eqs. (14.3.40) and (14.3.41)

are denoted by PPP and QQQ (Hill, 1965a). Evidently, since the instantaneous

moduli and compliances possess the reciprocal symmetry, the tensors PPP and

QQQ share the same symmetry, i.e.,

PPPT = PPP , QQQT = QQQ . (14.3.42)

In view of Eqs. (14.2.11) and (14.2.15), we can write

PPP =MMM : (III −TTT ), QQQ = LLL : (III − SSS ). (14.3.43)



Furthermore, from Eqs. (14.3.18) and (14.3.35),

SSS = PPP : LLL, TTT = QQQ :MMM. (14.3.44)

A trace product of the second equation in (14.3.43) with MMM from the left

provides a connection between PPP and QQQ ,

PPP : LLL+MMM : QQQ = III . (14.3.45)

The concentration tensor AAAc can be expressed in terms of PPP as

AAAc = (LLLc +LLL∗)−1 : PPP−1, (14.3.46)

which gives, by inversion,

AAA−1
c = PPP : (LLLc +LLL∗). (14.3.47)

Since

PPP : LLL∗ = PPP : (LLL+LLL∗ −LLL) = III −PPP : LLL, (14.3.48)

Equation (14.3.47) can be rewritten as

AAA−1
c = III + PPP : (LLLc −LLL). (14.3.49)

Similarly, the concentration tensor BBBc can be expressed in terms of QQQ

as

BBBc = (MMMc +MMM∗)−1 : QQQ−1. (14.3.50)

Upon inversion, this gives

BBB−1
c = QQQ : (MMMc +MMM∗). (14.3.51)

Recalling that

QQQ :MMM∗ = QQQ : (MMM+MMM∗ −MMM) = III −QQQ :MMM, (14.3.52)

Equation (14.3.51) can be recast as

BBB−1
c = III + QQQ : (MMMc −MMM). (14.3.53)

In addition, we recall from Section 14.2 that

BBBc : LLL = LLLc : AAAc, AAAc :MMM =MMMc : BBBc. (14.3.54)



14.3.3. Finite Deformation Formulation

To circumvent the approximation made in equilibrium equations (14.3.2),

where the term ∇ · (σ ·LT ) was neglected, based on an assumption that the

stress components are small compared to dominant instantaneous moduli,

we can consider an ellipsoidal grain in an infinitely extended matrix under

the far-field uniform velocity gradient L∞, and the corresponding rate of

nominal stress

Ṗ∞ = Λ · ·L∞. (14.3.55)

The tensor of the instantaneous pseudomoduli for the matrix surrounding the

crystalline grain is Λ (designated by Λ in earlier chapters). The underline

below Ṗ is kept to indicate that the current configuration is taken for the

reference. The problem was studied by Iwakuma and Nemat-Nasser (1984).

As expected on physical grounds, the velocity gradient in the crystal must

be uniform. Introducing the concentration tensor AAA0
c , we write

Lc = AAA0
c · ·L∞. (14.3.56)

The velocity gradient Lc can be represented as the sum of L∞ and the devia-

tion L∗, caused by different pseudomoduli of the crystal and the surrounding

medium. Thus,

Lc = L∞ + L∗ Ṗc = Ṗ∞ + Ṗ∗, (14.3.57)

where

Ṗc = Λc · ·Lc. (14.3.58)

Introducing a constraint tensor Λ∗ of the outer phase by

Ṗ∗ = −Λ∗ · ·L∗, (14.3.59)

upon the substitution of (14.3.57) into (14.3.59), there follows

Ṗc − Ṗ∞ = −Λ∗ · · (Lc − L∞), (14.3.60)

i.e.,

(Λc + Λ∗) · ·Lc = (Λ + Λ∗) · ·L∞. (14.3.61)

This defines the concentration tensor

AAA0
c = (Λc + Λ∗)−1 · · (Λ + Λ∗). (14.3.62)



Dually, we can start from

L∗ = −M∗ · · Ṗ∗, M∗ = Λ−1
∗ , (14.3.63)

to obtain

Lc − L∞ = −M∗ · · (Ṗc − Ṗ∞), (14.3.64)

and

(Mc + M∗) · · Ṗc = (M + M∗) · · Ṗ∞. (14.3.65)

This defines a dual-concentration tensor

BBB0
c = (Mc + M∗)−1 · · (M + M∗), (14.3.66)

such that

Ṗc = BBB0
c · · Ṗ∞. (14.3.67)

The connections between the two concentration tensors are easily estab-

lished. They are

BBB0
c : Λ = Λc · ·AAA0

c , AAA0
c : M = Mc · ·BBB0

c , (14.3.68)

in line with Eqs. (14.2.35) and (14.2.36).

The analysis can be extended further by introducing the Eshelby-type

tensor HHH , and its conjugate tensor GGG , which appear in the linear relationships

L∗ = HHH : L0, Ṗ∗ = GGG · · Ṗ0. (14.3.69)

Here, L0 is the eigenvelocity gradient in an Eshelby-type inclusion problem,

cast with respect to L and Ṗ measures, while Ṗ0 = −Λ : L0. These are such

that

Ṗ∗ = Λ · · (L∗ − L0), L∗ = M · · (Ṗ∗ − Ṗ0). (14.3.70)

It follows

Λ · · (III −HHH ) = GGG · ·Λ , M · · (III −GGG) = HHH · ·M, (14.3.71)

and

Λ∗ · ·HHH = Λ · · (III −HHH ), (III −HHH ) · ·M∗ = HHH · ·M, (14.3.72)

M∗ · ·GGG = M · · (III −GGG), (III −GGG) · ·Λ∗ = GGG · ·Λ. (14.3.73)

Evidently, by comparing Eqs. (14.3.71)–(14.3.73), we deduce that

M∗ · ·GGG = HHH · ·M, GGG · ·Λ = Λ∗ · ·HHH . (14.3.74)



Additional analysis can be found in the papers by Iwakuma and Nemat-

Nasser (1984), Lipinski and Berveiller (1989), and Nemat-Nasser (1999). A

construction of Green’s functions needed for the calculation of the general-

ized Eshelby’s tensor and the concentration tensors is there considered. The

problem was also studied in connection with a possible loss of stability of

the uniformly stressed homogeneous body at finite strain.

14.4. Self-Consistent Method

A self-consistent method was proposed in elasticity by Hershey (1954) and

Kröner (1958) to determine the average elastic polycrystalline constants in

terms of the single crystal constants. In this method, a single crystal is

considered to be embedded in an infinite medium with the average polycrys-

talline moduli (homogeneous equivalent medium). The strain in the crystal

is calculated in terms of the applied far-field strain by using the Eshelby

inhomogeneity problem. It is then postulated that the average strain, over

the relevant range of lattice orientations, is equal to the overall macroscopic

strain applied to the polycrystalline aggregate (Fig. 14.6). The same re-

sults are obtained if it is required that the average stress over the relevant

range of lattice orientations within crystalline grains is equal to the overall

macroscopic stress applied to the polycrystalline aggregate. The method is

in that respect self-consistent, thus the terminology. In contrast, the meth-

ods earlier suggested by Voigt (1889) and Reuss (1929), resulted in different

estimates of the elastic polycrystalline constants (see Budiansky, 1965; Hill,

1965b, and the Subsection 14.5.1 of this chapter).

We proceed here with the rate-type formulation of the self-consistent

method, following the presentation by Hill (1965a). Polycrystals are con-

sidered whose grains can be approximately treated as similar ellipsoids with

their corresponding axes aligned (or as variously sized spheres). The lattice

orientation, relative to the fixed frame of reference, may vary from grain to

grain, either randomly or in the specified manner. The tensors LLLc and MMMc

are the instantaneous moduli and compliances of a typical grain, and LLL and

MMM are the overall tensors for the polycrystal itself. The tensors LLL∗ andMMM∗,

as well as SSS and TTT , correspond to an ellipsoid or sphere representing the

average grain shape. The components of these tensors are constants, in the



Figure 14.6. A micrograph of a polycrystalline sample of
annealed tungsten (by courtesy of Professor M. A. Meyers).

fixed frame of reference, while the components of LLLc andMMMc depend on the

local lattice orientation within the grain.

If the overall macroscopic rate of deformation D∞, applied to the poly-

crystalline aggregate, is taken to be the orientation average of the crystalline

rate of deformation Dc = AAAc : D∞, i.e.,

{Dc} = D∞, (14.4.1)

the orientation average of the concentration tensor AAAc is equal to the fourth-

order unit tensor,

{AAAc} = III , Iijkl =
1
2
(δikδjl + δilδjk). (14.4.2)

In view of Eqs. (14.2.26) and (14.3.49), this implies that

{III + SSS : [LLL − (LLL −LLLc) : SSS ]−1 : (LLL −LLLc)} = III , (14.4.3)

{[III + PPP : (LLLc −LLL)]−1} = III . (14.4.4)

In addition, since

Dc =MMMc :
�
τ c =MMMc : BBBc :

�
τ ∞, D∞ =MMM :

�
τ ∞, (14.4.5)



the substitution into Eq. (14.4.1) gives

{MMMc : BBBc} =MMM. (14.4.6)

Dually, if the macroscopic rate of stress
�
τ ∞ is taken to be the orientation

average of the crystalline rate of stress
�
τ c = BBBc :

�
τ ∞, i.e.,

{�τ c} =
�
τ ∞, (14.4.7)

the orientation average of the concentration tensor BBBc is equal to the fourth-

order unit tensor,

{BBBc} = III . (14.4.8)

It is recalled from Section 13.4 that the macroscopic measure of the convected

rate of Kirchhoff stress, with the current configuration as the reference, is

indeed the volume (orientation) average of the local convected rate of the

Kirchhoff stress. In view of Eqs. (14.2.33) and (14.3.51), Eq. (14.4.8) implies

that

{III + TTT : [MMM− (MMM−MMMc) : TTT ]−1 : (MMM−MMMc)} = III , (14.4.9)

{[III + QQQ : (MMMc −MMM)]−1} = III . (14.4.10)

In addition, since
�
τ c = LLLc : Dc = LLLc : AAAc : D∞,

�
τ ∞ = LLL : D∞, (14.4.11)

the substitution into Eq. (14.4.7) gives

{LLLc : AAAc} = LLL. (14.4.12)

This parallels the previously derived expression (14.4.6).

The self-consistency of the two approaches is easily established from the

averaging of
�
τ∗ = −LLL∗ : D∗. This can be rewritten as

�
τ c −

�
τ ∞ = −LLL∗ : (Dc −D∞), (14.4.13)

and thus

{�τ c} −
�
τ ∞ = −LLL∗ : ({Dc} −D∞). (14.4.14)

Recall that the components of the constraint tensor LLL∗ are constants in the

fixed frame of reference. Since LLL∗ is nonsingular, we conclude from Eq.

(14.4.14) that

{�τ c} =
�
τ ∞ whenever {Dc} = D∞ , (14.4.15)



and vice versa, which establishes the self-consistency of the method.

14.4.1. Polarization Tensors

The rate of stress in the grain can be expressed as
�
τ c =

�
τ ∞ +

�
τ∗ = LLL : D∞ −LLL∗ : (Dc −D∞). (14.4.16)

Following Kröner’s (1958) terminology, the polarization tensor is defined by�
τ c −LLL : Dc , (14.4.17)

so that
�
τ c −LLL : Dc = (LLL+LLL∗) : (D∞ −Dc). (14.4.18)

The orientation average of the polarization tensor vanishes by Eq. (14.4.1),

because LLL and LLL∗ are constant tensors. Thus,

{�τ c −LLL : Dc} = 0. (14.4.19)

The polarization tensor can also be expressed as
�
τ c −LLL : Dc = (LLLc −LLL) : Dc = (LLLc −LLL) : AAAc : D∞. (14.4.20)

The average of this vanishes for any applied D∞, i.e.,

{(LLLc −LLL) : AAAc} : D∞ = 0, (14.4.21)

so that

{ (LLLc −LLL) : AAAc} = 0. (14.4.22)

A condition of this type was employed by Eshelby (1961) to derive a cubic

equation for the effective elastic shear modulus of an isotropic polycrystalline

aggregate of cubic crystals. See also Hill (1965a).

Furthermore, from Eq. (14.3.49) we can write

AAA−1
c = [(LLLc −LLL)−1 + PPP ] : (LLLc −LLL), (14.4.23)

and

(LLLc −LLL) : AAAc = [(LLLc −LLL)−1 + PPP ]−1. (14.4.24)

Consequently, by averaging and by using Eq. (14.4.22), there follows

{[(LLLc −LLL)−1 + PPP ]−1} = 0. (14.4.25)

This condition was originally employed by Kröner (1958) in his derivation of

the cubic equation for the effective shear modulus of an isotropic polycrys-

talline aggregate of cubic crystals.



A dual-polarization tensor is

Dc −MMM :
�
τ c = (MMM+MMM∗) : (

�
τ ∞ − �

τ c). (14.4.26)

The orientation average of this also vanishes, in view of Eq. (14.4.7) and

because MMM and MMM∗ are constant tensors. Thus,

{Dc −MMM :
�
τ c} = 0. (14.4.27)

On the other hand, a dual-polarization tensor can be expressed as

Dc −MMM :
�
τ c = (MMMc −MMM) :

�
τ c = (MMMc −MMM) : BBBc :

�
τ ∞. (14.4.28)

The average here vanishes for any applied overall rate of stress
�
τ ∞, i.e.,

{(MMMc −MMM) : BBBc} :
�
τ ∞ = 0, (14.4.29)

so that

{(MMMc −MMM) : BBBc} = 0. (14.4.30)

From Eq. (14.3.53) we further observe that

BBB−1
c = [(MMMc −MMM)−1 + QQQ ] : (MMMc −MMM), (14.4.31)

and

(MMMc −MMM) : BBBc = [(MMMc −MMM)−1 + QQQ ]−1. (14.4.32)

Thus, by taking the average and by using Eq. (14.4.30), there follows

{ [(MMMc −MMM)−1 + QQQ ]−1} = 0. (14.4.33)

14.4.2. Alternative Expressions for Polycrystalline Moduli

The effective polycrystalline moduli can be expressed alternatively, in terms

ofLLLc and the constraint tensorLLL∗, by taking the average of the concentration

tensor AAAc in Eq. (14.3.11), which is

{AAAc} = { (LLLc +LLL∗)−1} : (LLL+LLL∗) = III . (14.4.34)

Therefore,

(LLL+LLL∗)−1 = { (LLLc +LLL∗)−1}, (14.4.35)

or

LLL = { (LLLc +LLL∗)−1}−1 −LLL∗. (14.4.36)



Dually, the effective polycrystalline compliances can be expressed in

terms of MMMc and the constraint tensor MMM∗ by taking the average of the

concentration tensor BBBc in Eq. (14.3.27), which is

{BBBc} = { (MMMc +MMM∗)−1} : (MMM+MMM∗) = III . (14.4.37)

Thus,

(MMM+MMM∗)−1 = { (MMMc +MMM∗)−1}. (14.4.38)

An equation of this type was used in the derivation of the effective polycrys-

talline compliances by Hershey (1954). It can be recast as

MMM = { (MMMc +MMM∗)−1}−1 −MMM∗. (14.4.39)

In applications, either of equations (14.4.2), (14.4.8), (14.4.22), (14.4.25),

(14.4.30), (14.4.33), (14.4.36), or (14.4.39) can be used to evaluate the overall

(effective) instantaneous moduli or compliances of an incrementally linear

polycrystalline aggregate.

14.4.3. Nonaligned Crystals

In the previous analysis it was assumed that the grains comprising a poly-

crystalline aggregate can be taken, on average, as spheres or aligned ellip-

soids. A self-consistent generalization to nonaligned ellipsoidal crystals was

suggested by Walpole (1969). In this generalization the local crystalline rate

of deformation Dc is related to the average polycrystalline rate D∞ by

Dc = AAAc : {AAAc}−1 : D∞. (14.4.40)

This automatically satisfies {Dc} = D∞. The constraint tensor LLL∗ depends

on the grain orientation. Thus, upon averaging of
�
τ c −

�
τ ∞ = −LLL∗ : (Dc −D∞) = −

(
LLL∗ : AAAc : {AAAc}−1 −LLL∗

)
: D∞,

(14.4.41)

there follows

{�τ c} −
�
τ ∞ = −

(
{LLL∗ : AAAc} : {AAAc}−1 − {LLL∗}

)
: D∞. (14.4.42)

In order that {�τ c} =
�
τ ∞ for any D∞, ensuring the self-consistency, it is

required that

{LLL∗ : AAAc} : {AAAc}−1 − {LLL∗} = 0, (14.4.43)

i.e.,

{LLL∗ : AAAc} = {LLL∗} : {AAAc}. (14.4.44)



By substituting Eq. (14.4.40) into

{LLLc : Dc} = LLL : D∞, (14.4.45)

we obtain

{LLLc : AAAc} = LLL : {AAAc}. (14.4.46)

In a dual formulation, let the local and average stress rates be related

by
�
τ c = BBBc : {BBBc}−1 :

�
τ ∞, (14.4.47)

which automatically satisfies {�τ c} =
�
τ ∞. Upon averaging of

Dc −D∞ = −MMM∗ : (
�
τ c −

�
τ ∞) = −

(
MMM∗ : BBBc : {BBBc}−1 −MMM∗

)
:
�
τ ∞,

(14.4.48)

there follows

{Dc} −D∞ = −
(
{MMM∗ : BBBc} : {BBBc}−1 − {MMM∗}

)
:
�
τ ∞. (14.4.49)

Thus, in order that {Dc} = D∞ for any
�
τ ∞, which ensures the self-

consistency, it is required that

{MMM∗ : BBBc} : {BBBc}−1 − {MMM∗} = 0, (14.4.50)

i.e.,

{MMM∗ : BBBc} = {MMM∗} : {BBBc}. (14.4.51)

In addition, the substitution of Eq. (14.4.47) into

{MMMc :
�
τ c} =MMM :

�
τ ∞, (14.4.52)

gives

{MMMc : BBBc} =MMM : {BBBc}. (14.4.53)

14.4.4. Polycrystalline Pseudomoduli

If the macroscopic velocity gradient L∞ is taken to be the orientation average

of the crystalline velocity gradients Lc = AAA0
c : L∞, i.e., if

{Lc} = L∞, (14.4.54)

the orientation average of the concentration tensor AAA0
c is equal to the fourth-

order unit tensor,

{AAA0
c} = III , Iijkl = δilδjk. (14.4.55)



Since

Lc = Mc : Ṗc = Mc : BBB0
c : Ṗ∞, L∞ = M : Ṗ∞, (14.4.56)

the substitution into Eq. (14.4.54) gives

{Mc : BBB0
c} = M. (14.4.57)

On the other hand, if the macroscopic rate of nominal stress Ṗ∞ is

taken to be the orientation average of the crystalline rate of nominal stress

Ṗc = BBB0
c : Ṗ∞, i.e., if

{Ṗc} = Ṗ∞, (14.4.58)

the orientation average of the concentration tensor BBB0
c is equal to the fourth-

order unit tensor,

{BBB0
c} = III . (14.4.59)

Since

Ṗc = Λc : Lc = Λc : AAA0
c : L∞, Ṗ∞ = Λ : L∞, (14.4.60)

the substitution into Eq. (14.4.58) gives

{Λc : AAA0
c} = Λ. (14.4.61)

The rate of nominal stress in the grain can be expressed as

Ṗc = Ṗ∞ + Ṗ∗ = Λ : L∞ −Λ∗ : (Lc − L∞). (14.4.62)

The polarization-type tensor is defined by

Ṗc −Λ : Lc = (Λ + Λ∗) : (L∞ − Lc). (14.4.63)

The orientation average of this vanishes by Eq. (14.4.54), because Λ and Λ∗

are the constant tensors, so that

{Ṗc −Λ : Lc} = 0. (14.4.64)

The polarization tensor can also be expressed as

Ṗc −Λ : Lc = (Λc −Λ) : Lc = (Λc −Λ) : AAA0
c : L∞. (14.4.65)

The average here vanishes for any applied L∞, i.e.,

{(Λc −Λ) : AAA0
c} : L∞ = 0, (14.4.66)

and

{(Λc −Λ) : AAA0
c} = 0. (14.4.67)



A dual-polarization tensor is

Lc −M : Ṗc = (M + M∗) : (Ṗ∞ − Ṗc). (14.4.68)

Its orientation average also vanishes, in view of Eq. (14.4.58) and because

M and M∗ are the constant tensors. Thus,

{Lc −M : Ṗc} = 0. (14.4.69)

A dual-polarization tensor can be alternatively expressed as

Lc −M : Ṗc = (Mc −M) : Ṗc = (Mc −M) : BBB0
c : Ṗ∞. (14.4.70)

Its average vanishes for any applied Ṗ∞, so that

{(Mc −M) : BBB0
c} : Ṗ∞ = 0, (14.4.71)

and

{(Mc −M) : BBB0
c} = 0. (14.4.72)

The effective polycrystalline pseudomoduli can be cast in terms of Λc

and the constraint tensor Λ∗ by taking the average of the concentration

tensor AAAc in Eq. (14.3.62), which is

{AAA0
c} = { (Λc + Λ∗)−1} : (Λ + Λ∗) = III . (14.4.73)

Thus,

(Λ + Λ∗)−1 = { (Λc + Λ∗)−1}, (14.4.74)

and

Λ = { (Λc + Λ∗)−1}−1 −Λ∗. (14.4.75)

Alternatively, the effective polycrystalline pseudocompliances can be ex-

pressed in terms of Mc and the constraint tensor M∗ by taking the average

of the concentration tensor BBB0
c in Eq. (14.3.66). This is

{BBB0
c} = { (Mc + M∗)−1} : (M + M∗) = III . (14.4.76)

Therefore,

(M + M∗)−1 = { (Mc + M∗)−1}, (14.4.77)

or

M = { (Mc + M∗)−1}−1 −M∗. (14.4.78)

Nonaligned Crystals

In a self-consistent generalization to nonaligned ellipsoidal crystals, the local

velocity gradient within a grain, Lc, is related to the average polycrystalline



velocity gradient, L∞, by

Lc = AAA0
c : {AAA0

c}−1 : L∞. (14.4.79)

Thus,

{Λ∗ : AAA0
c} = {Λ∗} : {AAA0

c}, (14.4.80)

and

{Λc : AAA0
c} = Λ : {AAA0

c}. (14.4.81)

Other normalizations for the nonaligned ellipsoidal grains were considered

by Iwakuma and Nemat-Nasser (1984).

On the other hand, by defining

Ṗc = BBB0
c : {BBB0

c}−1 : Ṗ∞, (14.4.82)

we obtain

{M∗ : BBB0
c} = {M∗} : {BBB0

c}, (14.4.83)

and

{Mc : BBB0
c} = M : {BBB0

c}. (14.4.84)

14.5. Isotropic Aggregates of Cubic Crystals

Consider a cubic crystal whose elastic moduli are defined by

LLLc = 2c44JJJ + (3c12 + 2c44)KKK + (c11 − c12 − 2c44)ZZZ , (14.5.1)

where JJJ and KKK are defined by Eq. (14.2.5), and

Zijkl = aiajakal + bibjbkbl + cicjckcl. (14.5.2)

The vectors a, b and c are the orthogonal unit vectors along the principal

cubic axes, and the usual notation for the elastic constants c11, c12 and c44

is employed from Section 5.11. Two independent linear invariants of LLLc are

Lc
iijj = 3(c11 + 2c12), Lc

ijij = 3(c11 + 2c44). (14.5.3)

Denote by κ and µ the overall (effective) bulk and shear moduli of an

isotropic aggregate of cubic crystals. The corresponding tensors of elastic

moduli and compliances are

LLL = 2µJJJ + 3κKKK , (14.5.4)

MMM =
1
2µ

JJJ +
1
3κ

KKK . (14.5.5)



The Eshelby tensor for a spherical grain is

SSS = αJJJ + βKKK , β = 3− 5α =
κ

κ+ 4µ/3
. (14.5.6)

Since the product of any pair of isotropic fourth-order tensors is isotropic

and commutative, from (14.2.15) we deduce

TTT = III − SSS = (1− α)JJJ + (1− β)KKK . (14.5.7)

Thus,

PPP = SSS :MMM =
α

2µ
JJJ +

β

3κ
KKK , (14.5.8)

QQQ = TTT : LLL = 2µ(1− α)JJJ + 3κ(1− β)KKK . (14.5.9)

The constraint tensors are

LLL∗ = LLL : (SSS−1 − III ) = 2µ
1− α

α
JJJ + 4µKKK , (14.5.10)

MMM∗ =
1
2µ

α

1− α
JJJ +

1
4µ

KKK . (14.5.11)

Upon substitution into Eq. (14.2.26) or (14.3.11), the concentration tensor

becomes

AAAc = III + α [aJJJ + (a+ 3b)(KKK −ZZZ )], (14.5.12)

where

a =
5(c11 + 2c12 + 4µ)(µ− c44)

8µ2 + 3(c11 + 2c12 + 4c44)µ+ 2(c11 + 2c12)c44
, (14.5.13)

b =
5(c11 + 2c12 + 4µ)(c11 − c12 − 2µ)

6[8µ2 + 9c11µ+ (c11 − c12)(c11 + 2c12)]
. (14.5.14)

Since the cubic crystals under hydrostatic state of stress behave as isotropic

materials, we have Dc
ii = D∞

ii , which implies that Ac
iikl = δkl, as incorporated

in Eq. (14.5.12). This also implies that c11 + 2c12 = 3κ.

The orientation average of the concentration tensors is

{AAAc} = III + α [aJJJ + (a+ 3b)(KKK − {ZZZ})]. (14.5.15)

It can be shown by integration that

{aiajakal} =
1

8π2

∫
Ω

aiajakal dΩ =
1
15

(δijδkl + 2Iijkl), (14.5.16)



where dΩ = sinθdϕdθdψ is the solid angle, and ϕ, θ and ψ are the Euler

angles. Thus,

{ZZZ} =
2
5

JJJ + KKK , (14.5.17)

and Eq. (14.5.15) becomes

{AAAc} = III +
3α
5

(a− 2b)JJJ . (14.5.18)

From Eq. (14.4.2), this must be equal to the unit tensor III , which requires

that

a = 2b. (14.5.19)

The substitution of expressions (14.5.14) and (14.5.13) into Eq. (14.5.19)

yields a cubic equation for the effective shear modulus,

8µ3 + (5c11 + 4c12)µ2 − c44(7c11 − 4c12)µ− c44(c11 − c12)(c11 + 2c12) = 0.
(14.5.20)

This equation was originally derived by Kröner (1958). A quartic equation

for µ, having the same single positive root, was previously derived by Her-

shey (1954). Willis (1981) showed that the cubic equation follows from an

appropriate variational approach directly from the assumption of the ag-

gregate isotropy, without commitment in the analysis to the spherical grain

shape. The value of µ determined from the cubic equation is in-between

upper and lower bounds provided by the Voigt and Reuss estimates (Hill,

1952). Closer bounds were derived by Hashin and Shtrikman (1962). See

also Cleary, Chen, and Lee (1980), and Walpole (1981). The estimates of

the higher order elastic constants were considered by Lubarda (1997), who

also gives the reference to other related work.

14.5.1. Voigt and Reuss Estimates

According to the Voigt (1889) assumption, when a polycrystalline aggregate

is subjected to the overall uniform strain, the individual crystals will all be

in the same state of applied strain (which gives rise to stress discontinuities

across the grain boundaries). Thus, by requiring that the overall stress is

the average of the local stresses, there follows

LLL = {LLLc}. (14.5.21)



Instead of performing the integration

Lijkl =
1

8π2

∫
Ω

Lc
ijkl dΩ, (14.5.22)

the effective polycrystalline constants can be obtained directly by observing

that the linear invariants of LLL and LLLc must be equal. Thus, equating (14.5.3)

to

Liijj = 9κ, Lijij = 3κ+ 10µ, (14.5.23)

we obtain the well-known Voigt estimates

κ =
1
3
(c11 + 2c12), µV =

1
5
(c11 − c12 + 3c44). (14.5.24)

According to the Reuss (1929) assumption, when a polycrystalline ag-

gregate is subjected to the overall uniform stress, the individual crystals will

all be in the same state of stress (which gives rise to incompatible deforma-

tions across the grain boundaries). Thus, by requiring that the overall strain

is the average of the local strains, there follows

MMM = {MMMc}. (14.5.25)

This gives the well-known Reuss estimates

κ =
1
3
(c11 + 2c12), µR = 5[4(c11 − c12)−1 + 3c−1

44 ]−1. (14.5.26)

Hill (1952) proved that µV is the upper bound, and that µR is the lower

bound on the true value of the effective shear modulus, i.e.,

µR ≤ µ ≤ µV. (14.5.27)

It can be easily shown that the effective Lamé constant is bounded such that

λV ≤ λ ≤ λR; see Lubarda (1998).

14.6. Elastoplastic Crystal Embedded in Elastic Matrix

The analysis of the incrementally linear response presented in Section 14.4

is now extended to a piecewise linear elastoplastic response. We consider

an elastoplastic ellipsoidal grain embedded in an elastic infinite medium,

subjected to the far-field uniform rate of deformation D∞. The crystalline

rate of deformation Dc is uniform within the ellipsoidal grain. Suppose

that the plastic part of Dc, at the considered stress and deformation state

involving n0 potentially active (critical) slip systems, is produced by the



crystallographic slip on a particular set of n ≤ n0 active slip systems. From

Eq. (12.9.34), we can write

�
τc = LLLep

c : Dc, LLLep
c = LLLe

c −
n∑
α=1

n∑
β=1

gc−1
αβ Cαc ⊗Cβc . (14.6.1)

The superscripts “e” and “ep” are added to indicate that LLLe
c and LLLep

c are

the instantaneous elastic and elastoplastic moduli of the crystal. Since the

current state is used as the reference, the connections with the corresponding

quantities used in Eq. (12.4.3) are

Cαc ↔ (detFc)−1Cαc , gc−1
αβ ↔ (detFc) gc−1

αβ . (14.6.2)

The elastoplastic branch of the constitutive response given by Eq. (14.6.1)

is associated with the crystallographic slip on a set of n active slip systems,

so that the rate of deformation Dc is directed within a pyramidal region

defined by

Cβc : Dc > 0, β = 1, 2, . . . , n. (14.6.3)

Each Cβc is codirectional with the outward normal to the corresponding

hyperplane of the local yield vertex in strain space.

If the prescribed D∞ is such that the crystal is momentarily in the state

of elastic unloading, then

�
τc = LLLe

c : Dc, (14.6.4)

and

Cβc : Dc ≤ 0, β = 1, 2, . . . , n0. (14.6.5)

For other prescribed D∞, the local Dc may be directed within other

pyramidal regions in the rate of deformation space, corresponding to other

sets of active slip systems (from the set of all n0 potentially active slip sys-

tems, which define the local vertex at a given state of stress and deformation).

The whole rate of deformation space can thus be imagined as dissected into

pyramidal regions by the set of hyperplanes Cαc : Dc = 0. The stress rate
�
τc

varies continuously with Dc over the entire space. In each of the pyramidal

regions, the instantaneous elastoplastic stiffness is constant, and the results

from Section 14.3 can be accordingly applied, Hill (1965a).



14.6.1. Concentration Tensor

If the crystal is elastically unloading, the concentration tensor, appearing in

the relationship Dc = AAAc : D∞, is

AAAc = (LLLe
c +LLL∗)−1 : (LLLe +LLLe

∗). (14.6.6)

The instantaneous elastic stiffness tensor of the surrounding elastic matrix is

LLLe, and LLLe
∗ is the corresponding constraint tensor (independent ofLLLe

c and the

same for any constitutive branch of the crystalline response). The constraint

tensor LLLe
∗ of elastic matrix LLLe is such that, from Eq. (14.3.15),

LLLe
∗ : SSS e = LLLe : (III − SSS e). (14.6.7)

The Eshelby tensor of the elastic matrix is denoted by SSS e. We added the

superscript “e” to SSS to indicate the elastic matrix. The concentration tensor

in Eq. (14.6.6) applies in the elastic unloading range, which is defined by

Cβc : (LLLe
c +LLLe

∗)
−1 : (LLLe +LLLe

∗) : D∞ ≤ 0, β = 1, 2, . . . , n0, (14.6.8)

from Eq. (14.6.5) and the relationship Dc = AAAc : D∞. The unloading

condition can be rewritten as

Cβc : (III +MMMe
∗ : LLLe

c)
−1 : (III +MMMe

∗ : LLLe) : D∞ ≤ 0, β = 1, 2, . . . , n0.
(14.6.9)

If the crystal response is elastoplastic, with the crystallographic slip

taking place over the set of n active slip systems, the concentration tensor

becomes

AAAc =


LLLe

c +LLLe
∗ −

n∑
α=1

n∑
β=1

gc−1
αβ Cαc ⊗Cβc



−1

: (LLLe +LLLe
∗). (14.6.10)

The inverse of the fourth-order tensor in Eq. (14.6.10) is given by Eq.

(14.6.20) below. When this result is substituted into Eq. (14.6.10), there

follows

AAAc = [III +
n∑
α=1

n∑
β=1

b̂c−1
αβ (LLLe

c +LLLe
∗)

−1 : Cαc ⊗Cβc ]

: (LLLe
c +LLLe

∗)
−1 : (LLLe +LLLe

∗),

(14.6.11)

where

b̂cαβ = gc
αβ −Cαc : (LLLe

c +LLLe
∗)

−1 : Cβc . (14.6.12)



The corresponding plastic loading range is defined by

Cβc : (LLLe
c +LLLe

∗)
−1 : (LLLe +LLLe

∗) : D∞ > 0, β = 1, 2, . . . , n. (14.6.13)

Derivation of the Inverse Tensor

We here derive a formula for the inverse of the fourth-order tensor used in

the transition from (14.6.10) to (14.6.11). Consider first the constitutive

structure in Eq. (14.6.1). A trace product with LLLe−1
c gives

Dc = LLLe−1
c :

�
τc +

n∑
α=1

n∑
β=1

gc−1
αβ LLLe−1

c : Cαc ⊗Cβc : Dc. (14.6.14)

Upon application of the trace product with Cγc : LLLe−1
c to Eq. (14.6.1), we

obtain

Cγc : LLLe−1
c :

�
τc =

n∑
α=1

n∑
β=1

bcγα g
c−1
αβ Cβc : Dc, (14.6.15)

where

bcγα = gc
γα −Cγc : LLLe−1

c : Cαc . (14.6.16)

Suppose that the symmetric matrix with components bcγα is positive-definite.

Then, by inversion, from Eq. (14.6.15),

n∑
β=1

g−1
αβ Cβc : Dc =

n∑
γ=1

bc−1
αγ Cγc : LLLe−1

c :
�
τc. (14.6.17)

The substitution of (14.6.17) into (14.6.14) gives

Dc =


LLLe−1

c +
n∑
α=1

n∑
β=1

bc−1
αβ LLLe−1

c : Cαc ⊗Cβc : LLLe−1
c


 :

�
τc, (14.6.18)

in agreement with the results from Section 12.11. The comparison of Eqs.

(14.6.1) and (14.6.18) identifies the inverse tensor
LLLe

c −
n∑
α=1

n∑
β=1

gc−1
αβ Cαc ⊗Cβc



−1

= LLLe−1
c +

n∑
α=1

n∑
β=1

bc−1
αβ LLLe−1

c : Cαc ⊗Cβc : LLLe−1
c .

(14.6.19)



When LLLe
c in Eq. (14.6.19) is replaced with LLLe

c +LLLe
∗, we obtain

LLLe
c +LLLe

∗ −
n∑
α=1

n∑
β=1

gc−1
αβ Cαc ⊗Cβc



−1

= (LLLe
c +LLLe

∗)
−1

+
n∑
α=1

n∑
β=1

b̂c−1
αβ (LLLe

c +LLLe
∗)

−1 : Cαc ⊗Cβc : (LLLe
c +LLLe

∗)
−1,

(14.6.20)

which is a desired formula used in Eq. (14.6.11).

14.6.2. Dual-Concentration Tensor

Returning to Eq. (14.6.18), and introducing the tensor

Gα
c =MMMc : Cαc , MMMe

c = LLLe−1
c , (14.6.21)

the crystalline rate of deformation can be expressed in terms of
�
τc as

Dc =MMMep :
�
τc, MMMep =MMMe

c +
n∑
α=1

n∑
β=1

bc−1
αβ Gα

c ⊗Gβ
c . (14.6.22)

The stress rate is here directed within the plastic loading range defined by

Gβ
c :

�
τc > 0, β = 1, 2, . . . , n. (14.6.23)

A dual-concentration tensor, appearing in the transition
�
τc = BBBc :

�
τ∞, is

BBBc =


MMMe

c +MMMe
∗ +

n∑
α=1

n∑
β=1

bc−1
αβ Gα

c ⊗Gβ
c



−1

: (MMMe +MMMe
∗), (14.6.24)

from Eq. (14.3.27). A dual-constraint tensor MMMe
∗ of the elastic matrix MMMe

obeys, from Eq. (14.3.22),

(III − SSS e) :MMMe
∗ = SSS e :MMMe. (14.6.25)

Upon inversion of the fourth-order tensor in Eq. (14.6.24), this becomes

BBBc = [III −
n∑
α=1

n∑
β=1

ĝc−1
αβ (MMMe

c +MMMe
∗)

−1 : (Gα
c ⊗Gβ

c ) ]

: (MMMe
c +MMMe

∗)
−1 : (MMMe +MMMe

∗),

(14.6.26)

where

ĝc
αβ = bcαβ + Gα

c : (MMMe
c +MMMe

∗)
−1 : Gβ

c . (14.6.27)

The above expression holds in the range of plastic loading,

Gβ
c : (MMMe

c +MMMe
∗)

−1 : (MMMe +MMMe
∗) :

�
τ∞ > 0, β = 1, 2, . . . , n. (14.6.28)



In the elastic unloading range, we have

Gβ
c : (MMMe

c +MMMe
∗)

−1 : (MMMe +MMMe
∗) :

�
τ∞ ≤ 0, β = 1, 2, . . . , n0, (14.6.29)

with the concentration tensor

BBBc = (MMMe
c +MMMe

∗)
−1 : (MMMe +MMMe

∗). (14.6.30)

The instantaneous compliances tensor of the surrounding matrix is MMMe,

while MMMe
∗ is the corresponding constraint tensor, which is the same for all

constitutive branches of the crystalline response. The unloading condition

(14.6.29) can also be expressed as

Gβ
c : (III +LLLe

∗ :MMMe
c)

−1 : (III +LLLe
∗ :MMMe) :

�
τ∞ ≤ 0, β = 1, 2, . . . , n0,

(14.6.31)

which is dual to (14.6.9).

14.6.3. Locally Smooth Yield Surface

When the yield surface is locally smooth, the elastoplastic branch of the

crystalline response is

�
τc =

(
LLLe

c −
1
gc

Cc ⊗Cc

)
: Dc, Cc : Dc > 0, (14.6.32)

where gc > 0. The inverted form is

Dc =
(
MMMe

c +
1
bc

Gc ⊗Gc

)
:
�
τc, Gc :

�
τc > 0. (14.6.33)

The relationships hold

Gc =MMMe
c : Cc, gc − bc = Cc :MMMe

c : Cc = Gc : LLLe
c : Gc. (14.6.34)

The crystal is assumed to be in the hardening range, so that bc > 0 in Eq.

(14.6.33). The corresponding concentration tensors are

AAAc = [III +
1

b̂c
(LLLe

c +LLLe
∗)

−1 : (Cc ⊗Cc) ]

: (LLLe
c +LLLe

∗)
−1 : (LLLe +LLLe

∗),
(14.6.35)

where

b̂c = gc −Cc : (LLLe
c +LLLe

∗)
−1 : Cc, (14.6.36)

and

BBBc = [III − 1
ĝ

(MMMe
c +MMMe

∗)
−1 : (Gc ⊗Gc) ]

: (MMMe
c +MMMe

∗)
−1 : (MMMe +MMMe

∗),
(14.6.37)



where

ĝc = bc + Gc : (MMMe
c +MMMe

∗)
−1 : Gc. (14.6.38)

It is noted that

b̂c = ĝc. (14.6.39)

This can be verified by using the connection (14.6.34) and the relationships

for the inverse tensors

(LLLc +LLL∗)−1 =MMMe
c −MMMe

c : (MMMe
c +MMMe

∗)
−1 :MMMe

c, (14.6.40)

(MMMe
c +MMMe

∗)
−1 = LLLe

c −LLLe
c : (LLLe

c +LLLe
∗)

−1 : LLLe
c. (14.6.41)

The first of these follows because

(LLLe
c +LLLe

∗)
−1 = [LLLe

c : (MMMe
c +MMMe

∗) : LLLe
∗]

−1

=MMM∗ : (MMMe
c +MMMe

∗)
−1 :MMMe

c

= (MMMe
c +MMMe

∗ −MMMe
c) : (MMMe

c +MMMe
∗)

−1 :MMMe
c

=MMMe
c −MMMe

c : (MMMe
c +MMMe

∗)
−1 :MMMe

c,

(14.6.42)

and similarly for the second.

The plastic part of the crystalline stress rate is
�
τc

p =
�
τc −LLLe

c : Dc = − 1
gc

(Cc ⊗Cc) : Dc = − 1
gc

(Cc ⊗Cc) : AAAc : D∞.

(14.6.43)
In view of (14.6.35), we can write

Cc : AAAc = (gc /b̂c)Cc : (LLLe
c +LLLe

∗)
−1 : (LLLe +LLLe

∗), (14.6.44)

and the substitution into Eq. (14.6.43) gives

�
τc

p = − 1

b̂c
(Cc ⊗Cc) : (LLLe

c +LLLe
∗)

−1 : (LLLe +LLLe
∗) : D∞. (14.6.45)

Likewise, the plastic part of the crystalline rate of deformation is

Dp
c = Dc −MMMe

c :
�
τc =

1
bc

(Gc ⊗Gc) :
�
τc =

1
bc

(Gc ⊗Gc) : BBBc :
�
τ∞.

(14.6.46)
Since, from (14.6.37),

Gc : BBBc = (bc /ĝc)Gc : (MMMe
c +MMMe

∗)
−1 : (MMMe +MMMe

∗), (14.6.47)

we obtain, upon substitution into Eq. (14.6.46),

Dp
c =

1
ĝc

(Gc ⊗Gc) : (MMMe
c +MMMe

∗)
−1 : (MMMe +MMMe

∗) :
�
τ∞. (14.6.48)



Particular Cases

If the elastic properties of the grain and the surrounding matrix are identical,

i.e., if

LLLe
c = LLLe, MMMe

c =MMMe, (14.6.49)

the preceding formulas simplify, and the concentration tensors become (Hill,

1965a)

AAAc = III +
(LLLe +LLLe

∗)
−1 : (Cc ⊗Cc)

gc −Cc : (LLLe +LLLe
∗)−1 : Cc

= III +
PPP : (Cc ⊗Cc)
gc −Cc : PPP : Cc

, (14.6.50)

BBBc = III − (MMMe +MMMe
∗)

−1 : (Gc ⊗Gc)
bc + Gc : (MMMe +MMMe

∗)−1 : Gc
= III − QQQ : (Gc ⊗Gc)

bc + Gc : QQQ : Gc
.

(14.6.51)

The plastic parts of the crystalline stress and strain rates are similarly

�
τc

p = − (Cc ⊗Cc) : D∞
gc −Cc : (LLLe +LLLe

∗)−1 : Cc
= − (Cc ⊗Cc) : D∞

gc −Cc : PPP : Cc
, (14.6.52)

Dp
c =

(Gc ⊗Gc) :
�
τ∞

bc + Gc : (MMMe +MMMe
∗)−1 : Gc

=
(Gc ⊗Gc) :

�
τ∞

bc + Gc : QQQ : Gc
. (14.6.53)

These expressions can be further reduced if it is assumed that the elastic

response is isotropic, and that the plastic response is incompressible (Gc

and Cc deviatoric tensors). From Eqs. (14.5.8) and (14.5.9), we obtain in

this case

PPP =
α

2µ
JJJ +

β

3κ
KKK , QQQ = 2µ(1− α)JJJ + 3κ(1− β)KKK , (14.6.54)

so that

PPP : Cc =
α

2µ
Cc, QQQ : Gc = 2µ(1− α)Gc. (14.6.55)

The components of the Eshelby tensor, α and β, are given in Eq. (14.5.6).

Consequently,

AAAc = III +
(α/2µ)Cc ⊗Cc

gc − (α/2µ)Cc : Cc
, (14.6.56)

BBBc = III − 2µ(1− α)Gc ⊗Gc

bc + 2µ(1− α)Gc : Gc
, (14.6.57)

and
�
τc

p = − (Cc ⊗Cc) : D∞
gc − (α/2µ)Cc : Cc

, (14.6.58)



Dp
c =

(Gc ⊗Gc) :
�
τ∞

bc + 2µ(1− α)Gc : Gc
. (14.6.59)

14.6.4. Rigid-Plastic Crystal in Elastic Matrix

Suppose that the crystal is rigid-plastic, i.e.,

MMMe
c = 0. (14.6.60)

At the point where the yield surface is locally smooth, we have, from Eqs.

(14.6.33) and (14.6.37),

Dc =MMMp
c :

�
σc, MMMp

c =
1
bc

(Gc ⊗Gc), (14.6.61)

and

BBBc =
[
III − LLLe

∗ : (Gc ⊗Gc)
bc + Gc : LLLe

∗ : Gc

]
: (III +LLLe

∗ :MMMe), (14.6.62)

provided that

Gc : (III +LLLe
∗ :MMMe) :

�
τ∞ > 0. (14.6.63)

Recall that for the rigid-plastic crystal
�
τc =

�
σc. (14.6.64)

Since, by Eq. (14.3.23),

MMMe
∗ = SSS e : (MMMe +MMMe

∗) = (MMMe +MMMe
∗) : SSS eT , (14.6.65)

and since

SSS e−1 = III +MMMe : LLLe
∗, SSS e−T = III +LLLe

∗ :MMMe, (14.6.66)

the combination with Eq. (14.6.62) establishes

BBBc : SSS eT = III − LLLe
∗ : Gc ⊗Gc

bc + Gc : LLLe
∗ : Gc

. (14.6.67)

The plastic loading condition (14.6.63) can be expressed as

Gc : SSS e−T :
�
τ∞ > 0. (14.6.68)

Dually, in view of Eqs. (14.2.36) and (14.3.44), we have

AAAc :MMMe =MMMp
c : BBBc, PPP = SSS e :MMMe =MMMe : SSS eT , (14.6.69)

and

AAAc : PPP = AAAc :MMMe : SSS eT =MMMp
c : BBBc : SSS eT . (14.6.70)



By substituting the expression (14.6.67) for BBBc : SSS eT into Eq. (14.6.70),

there follows

AAAc : PPP =MMMp
c :

(
III − LLLe

∗ : Gc ⊗Gc

bc + Gc : LLLe
∗ : Gc

)
. (14.6.71)

Upon using Eq. (14.6.61), this reduces to

AAAc : PPP =
Gc ⊗Gc

bc + Gc : LLLe
∗ : Gc

, Gc : PPP−1 : D∞ > 0. (14.6.72)

Note the transition

Gc : SSS e−T :
�
τ∞ = Gc : SSS e−T : LLLe : D∞

= Gc : (MMMe : SSS eT )−1 : D∞ = Gc : PPP−1 : D∞.
(14.6.73)

14.7. Elastoplastic Crystal Embedded in Elastoplastic Matrix

The most general case in Hill’s formulation of the self-consistent method

is the consideration of an ellipsoidal elastoplastic crystal embedded in a

homogeneous elastoplastic matrix. Suppose that the elastoplastic stiffness is

uniform throughout the matrix, and given by (see Section 9.5)

LLLep = LLLe −
m∑
α=1

m∑
β=1

g−1
αβ Cα ⊗Cβ . (14.7.1)

The tensor Cα is codirectional with the outward normal to the corresponding

hyperplane of the local yield vertex in strain space. The constitutive branch

of the elastoplastic matrix response (14.7.1) is associated with m active yield

segments at the vertex. It is assumed that these are activated when the

applied D∞ is such that

Cβ : D∞ > 0, β = 1, 2, . . . ,m. (14.7.2)

For other directions of the imposed D∞, other constitutive branches at the

yield vertex may apply, corresponding to other sets of active yield segments.

In particular, the elastic unloading branch corresponds to D∞ for which

Cβ : D∞ ≤ 0, β = 1, 2, . . . ,m0, (14.7.3)

where m0 is the number of all yield segments forming a local vertex at the

considered instant of deformation.

The concentration tensor associated with the elastoplastic matrix stiff-

ness (14.7.1), and the elastoplastic crystalline stiffness (14.6.1), is

AAAc = (LLLep
c +LLLep

∗ )−1 : (LLLep +LLLep
∗ ). (14.7.4)



The constraint tensor of the elastoplastic matrix LLLep
∗ is defined such that

LLLep
∗ : SSS ep = LLLep : (III − SSS ep). (14.7.5)

The superscripts “ep” is added to SSS to indicate that SSS ep is the Eshelby

tensor of the elastoplastic matrix. The branch of SSS ep corresponding to the

elastoplastic matrix branch (14.7.1) is used in (14.7.5). We also note that

the tensor PPP , introduced in Subsection 14.3.2, is in this case

PPP = (LLLep
∗ +LLLep)−1 = SSS ep : LLLep−1. (14.7.6)

In an expanded form, the concentration tensor can be written as

AAAc =


LLLe

c +LLLep
∗ −

n∑
α=1

n∑
β=1

gc−1
αβ Cαc ⊗Cβc



−1

:


LLLe +LLLep

∗ −
m∑
α=1

m∑
β=1

g−1
αβ Cα ⊗Cβ


 .

(14.7.7)

Upon performing the required inversion in Eq. (14.7.7), this becomes

AAAc =


III +

n∑
α=1

n∑
β=1

b̂c−1
αβ (LLLe

c +LLLep
∗ )−1 : (Cαc ⊗Cβc )




: (LLLe
c +LLLep

∗ )−1 :


LLLe +LLLep

∗ −
m∑
α=1

m∑
β=1

g−1
αβ Cα ⊗Cβ


 ,

(14.7.8)

where

b̂cαβ = gc
αβ −Cαc : (LLLe

c +LLLep
∗ )−1 : Cβc . (14.7.9)

The applied D∞ is such that (14.7.2) holds, as well as

Cβc : (LLLe
c +LLLep

∗ )−1 : (LLLe +LLLep
∗ ) : D∞ > 0, β = 1, 2, . . . , n. (14.7.10)

Formulation with Elastoplastic Compliances

In the formulation using the tensors of elastoplastic compliances, we have

(see Section 9.6)

MMMep =MMMe +
m∑
α=1

m∑
β=1

b−1
αβ Gα ⊗Gβ , (14.7.11)

where

Gα =MMMe : Cα, MMMe = LLLe−1, (14.7.12)



and

bαβ = gαβ −Cα :MMMe : Cβ . (14.7.13)

The tensor Gα is codirectional with the outward normal to the corresponding

hyperplane of the local yield vertex in stress space. The constitutive branch

of the elastoplastic matrix response (14.7.11) is associated with m active

yield segments of the vertex. It is assumed that, in the hardening range,

these are activated when the applied
�
τ∞ is such that

Gβ :
�
τ∞ > 0, β = 1, 2, . . . ,m. (14.7.14)

The elastic unloading branch corresponds to
�
τ∞ for which

Gβ :
�
τ∞ ≤ 0, β = 1, 2, . . . ,m0, (14.7.15)

where m0 is the number of all yield segments forming a local vertex at the

considered state.

A dual-concentration tensor, associated with the elastoplastic matrix

compliances (14.7.11) and the elastoplastic crystalline compliances (14.6.22),

is

BBBc = (MMMep
c +MMMep

∗ )−1 : (MMMep +MMMep
∗ ). (14.7.16)

A dual-constraint tensor of the elastoplastic matrix is MMMep
∗ , such that

(III − SSS ep) :MMMep
∗ = SSS ep :MMMep. (14.7.17)

The tensor QQQ , introduced in Subsection 14.3.2, is in this case

QQQ = (MMMep
∗ +MMMep)−1 = LLLep

∗ : SSS ep. (14.7.18)

In an expanded form, a dual-concentration tensor is

BBBc =


MMMe

c +MMMep
∗ +

n∑
α=1

n∑
β=1

bc−1
αβ Gα

c ⊗Gβ
c



−1

:


MMMe +MMMep

∗ +
m∑
α=1

m∑
β=1

b−1
αβ Gα ⊗Gβ


 .

(14.7.19)

Upon the required inversion, this becomes

BBBc =


III −

n∑
α=1

n∑
β=1

ĝc−1
αβ (MMMe

c +MMMep
∗ )−1 : (Gα

c ⊗Gβ
c )




: (MMMe
c +MMMep

∗ )−1 : (MMMe +MMMep
∗ −

m∑
α=1

m∑
β=1

b−1
αβ Gα ⊗Gβ),

(14.7.20)



where

ĝc
αβ = gc

αβ −Gα
c : (MMMe

c +MMMep
∗ )−1 : Gβ

c . (14.7.21)

The stress rate
�
τ∞ is such that (14.7.14) holds, as well as

Gβ
c : (MMMe

c +MMMep
∗ )−1 : (MMMe +MMMep

∗ ) :
�
τ∞ > 0, β = 1, 2, . . . , n. (14.7.22)

14.7.1. Locally Smooth Yield Surface

When the yield surfaces of the crystal and the matrix are both locally

smooth, the corresponding elastoplastic stiffnesses are

LLLep
c = LLLe

c −
1
gc

Cc ⊗Cc, Cc : Dc > 0, (14.7.23)

where gc > 0, and

LLLep = LLLe − 1
g

C⊗C, C : D∞ > 0, (14.7.24)

where g > 0. The crystalline and matrix compliances are

MMMep
c =MMMe

c +
1
bc

Gc ⊗Gc, Gc :
�
τc > 0, (14.7.25)

and

MMMep =MMMe +
1
b
G⊗G, G :

�
τ∞ > 0. (14.7.26)

The connections hold

Gc =MMMe
c : Cc, gc − bc = Cc :MMMe

c : Cc = Gc : LLLe
c : Gc, (14.7.27)

G =MMMe : C, g − b = C :MMMe : C = G : LLLe : G. (14.7.28)

The crystal and the matrix are both assumed to be in the hardening range,

so that bc > 0 and b > 0 in Eqs. (14.7.25) and (14.7.26).

The corresponding concentration tensor is

AAAc =
[
III +

1

b̂c
(LLLe

c +LLLep
∗ )−1 : (Cc ⊗Cc)

]

: (LLLe
c +LLLep

∗ )−1 :
(
LLLe +LLLep

∗ − 1
g

C⊗C
)
,

(14.7.29)

where

b̂c = gc −Cc : (LLLe
c +LLLep

∗ )−1 : Cc. (14.7.30)



A dual-concentration tensor is similarly

BBBc =
[
III − 1

ĝc
(MMMe

c +MMMep
∗ )−1 : (Gc ⊗Gc)

]

: (MMMe
c +MMMep

∗ )−1 :
(
MMMe +MMMep

∗ +
1
b
G⊗G

)
,

(14.7.31)

with

ĝc = bc + Gc : (MMMe
c +MMMep

∗ )−1 : Gc. (14.7.32)

It is noted that b̂c = ĝc.

If the elastic properties of the crystal and the matrix are identical (LLLe
c =

LLLe, MMMe
c = MMMe), the concentration tensors take on the simpler forms (Hill,

op. cit.)

AAAc =
[
III +

1

b̂c
(LLLe +LLLep

∗ )−1 : (Cc ⊗Cc)
]

:
[
III − 1

g
(LLLe +LLLep

∗ )−1 : (C⊗C)
]
,

(14.7.33)

BBBc =
[
III − 1

ĝc
(MMMe +MMMep

∗ )−1 : (Gc ⊗Gc)
]

:
[
III +

1
b

(MMMe +MMMep
∗ )−1 : (G⊗G)

]
.

(14.7.34)

14.7.2. Rigid-Plastic Crystal in Rigid-Plastic Matrix

The corresponding crystalline and matrix compliances are in this case

MMMp
c =

1
bc

Gc ⊗Gc, Gc :
�
σc > 0, (14.7.35)

and

MMMp =
1
b
G⊗G, G :

�
σ∞ > 0. (14.7.36)

A dual-concentration tensor is

BBBc =
[
III − 1

ĝc
LLLp

∗ : (Gc ⊗Gc)
]

:
[
III +

1
b
LLLp

∗ : (G⊗G)
]
, (14.7.37)

where

ĝc = bc + Gc : LLLp
∗ : Gc. (14.7.38)

The constraint tensors of the rigid-plastic matrix are MMMp
∗ and LLLp

∗ =MMMp−1
∗ ,

such that

(III − SSSp) :MMMp
∗ = SSSp :MMMp, (14.7.39)



where SSSp is the Eshelby tensor of the rigid-plastic matrix. The condition

(14.7.22) becomes, for the rigid-plastic crystal and the rigid-plastic matrix,

Gc :
�
σ∞ > 0. (14.7.40)

It is observed that

SSSp−1 = III +MMMp : LLLp
∗, SSSp−T = III +LLLp

∗ :MMMp, (14.7.41)

so that, from Eq. (14.7.37),

BBBc : SSSpT = III − LLLp
∗ : (Gc ⊗Gc)

bc + Gc : LLLp
∗ : Gc

, (14.7.42)

in analogy with (14.6.67). The tensor QQQ is

QQQ = (MMMp +MMMp
∗)

−1 = LLLp
∗ : SSSp. (14.7.43)

On the other hand, from Eqs. (14.2.36) and (14.3.44), we can write

AAAc :MMMp =MMMp
c : BBBc, PPP = SSSp :MMMp =MMMp : SSSpT , (14.7.44)

and

AAAc : PPP = AAAc :MMMp : SSSpT =MMMp
c : BBBc : SSSpT . (14.7.45)

By substituting the expression (14.7.42) for BBBc : SSSpT into Eq. (14.7.45),

there follows

AAAc : PPP =MMMp
c :

(
III − LLLp

∗ : Gc ⊗Gc

bc + Gc : LLLp
∗ : Gc

)
. (14.7.46)

With the help of Eq. (14.7.36), this can be reduced to

AAAc : PPP =
Gc ⊗Gc

bc + Gc : LLLp
∗ : Gc

. (14.7.47)

14.8. Self-Consistent Determination of Elastoplastic Moduli

Hill’s general analysis presented in Section 14.7 can be applied to determine

the polycrystalline elastoplastic moduli and compliances as follows. Assume

that the constitutive branch of the elastoplastic response (set of active slip

systems) is known for each grain of a polycrystalline aggregate subjected to

the overall macroscopically uniform rate of deformation D∞, so that LLLep
c is

known for each orientation of the grain relative to applied D∞. The concen-

tration tensor for a grain with the instantaneous stiffness LLLep
c , embedded in

a matrix with the overall elastoplastic moduli LLLep, is

AAAc = (LLLep
c +LLLep

∗ )−1 : (LLLep +LLLep
∗ ), (14.8.1)



provided that

Cβc : (LLLe
c +LLLep

∗ )−1 : (LLLe +LLLep
∗ ) : D∞ > 0, β = 1, 2, . . . , n. (14.8.2)

The corresponding constraint tensor LLLep
∗ is related to LLLep by

LLLep
∗ : SSS ep = LLLep : (III − SSS ep). (14.8.3)

The Eshelby tensor SSS ep is associated with the elastoplastic matrix with cur-

rent (anisotropic) stiffness LLLep.

According to the self-consistent method, an ellipsoidal elastoplastic grain

is considered to be embedded in the elastoplastic matrix with the overall

properties of the polycrystalline aggregate. It is required that the orientation

average of the crystalline rate of deformation Dc = AAAc : D∞ is equal to

applied D∞. Thus,

{Dc} = D∞ ⇒ {AAAc} = III . (14.8.4)

The brackets { } designate the appropriate orientation average. Further-

more, since LLLep is the overall instantaneous stiffness of the polycrystalline

aggregate, we can write

{�τc} = LLLep : {Dc} = LLLep : D∞. (14.8.5)

Comparing this with

{�τc} = {LLLep
c : Dc} = {LLLep

c : AAAc} : D∞, (14.8.6)

establishes

LLLep = {LLLep
c : AAAc}. (14.8.7)

The substitution of Eq. (14.8.1), therefore, gives

LLLep = {LLLep
c : (LLLep

c +LLLep
∗ )−1 : (LLLep +LLLep

∗ )}. (14.8.8)

This is a highly implicit equation for the polycrystalline moduli LLLep. It in-

volves the constraint tensor LLLep
∗ , which itself depends on the polycrystalline

moduli LLLep, as seen from Eq. (14.8.3). Moreover, it is not known in advance

which branch of LLLep and LLLep
c is activated by a prescribed D∞. The calcula-

tion requires an iterative procedure. It was originally devised by Hutchinson

(1970). For a prescribed D∞, a tentative guess is made for LLLep, and LLLep
∗

is calculated from Eq. (14.8.3). The elastoplastic branch of the crystalline

response (the set of active slip systems) is then assumed, the corresponding

LLLep
c calculated from (14.6.1), and the constraint tensor AAAc from (14.8.2). To



ensure that the assumed set of active slip systems is indeed active, the condi-

tion (14.8.2) is verified. If it is not satisfied, a new set of active slip systems

is selected until the correct LLLep
c is found. This calculation is carried out for

all grains and orientations. The results are substituted into (14.8.8) to find

a new estimate for LLLep. The whole procedure is repeated until a satisfactory

convergence is obtained.

The calculation can also proceed by using the tensors of the instanta-

neous compliances MMMep
c and MMMep (assuming that they exist). In this case

we have

BBBc = (MMMep
c +MMMep

∗ )−1 : (MMMep +MMMep
∗ ), (14.8.9)

provided that

Gβ
c : (MMMe

c +MMMep
∗ )−1 : (MMMe +MMMep

∗ ) :
�
τ∞ > 0, β = 1, 2, . . . , n. (14.8.10)

The corresponding constraint tensorMMMep
∗ is related toMMMep via the Eshelby

tensor SSS ep according to

(III − SSS ep) :MMMep
∗ = SSS ep :MMMep. (14.8.11)

The implicit equation for MMMep is thus

MMMep = {MMMep
c : BBBc}, (14.8.12)

i.e.,

MMMep = {MMMep
c : (MMMep

c +MMMep
∗ )−1 : (MMMep +MMMep

∗ )}. (14.8.13)

The calculation again requires an iterative procedure.

The elastic unloading branch can be determined more readily. It is

associated with the pyramidal region defined by the inequalities

Gβ
c : (MMMe

c +MMMe
∗)

−1 : (MMMe +MMMe
∗) :

�
τ∞ < 0, β = 1, 2, . . . , n0, (14.8.14)

for all crystalline orientations. This can be rewritten as

Gβ
c : (III +LLLe

∗ :MMMe
c)

−1 : (III +LLLe
∗ :MMMe) :

�
τ∞ < 0, β = 1, 2, . . . , n0.

(14.8.15)

The constraint tensor MMMe
∗ is related to MMMe by

(III − SSS e) :MMMe
∗ = SSS e :MMMe. (14.8.16)



The aggregate yield vertex is more or less pronounced depending on whether

the directions

Gβ
c : (III +LLLe

∗ :MMMe
c)

−1 = (III +MMMe
c : LLLe

∗)
−1 : Gβ

c (14.8.17)

span large or small solid angle (Hill, 1965a). The overall elastic polycrys-

talline compliances are determined from

MMMe = {MMMe
c : (MMMe

c +MMMe
∗)

−1 : (MMMe +MMMe
∗)}. (14.8.18)

14.8.1. Kröner–Budiansky–Wu Method

In the original formulation of the self-consistent model of polycrystalline

plasticity, Kröner (1961), and Budiansky and Wu (1962), in effect, suggested

that the constraint tensor of the elastic matrix relates the differences between

the local and overall stress and strain rates, even in the plastic range. Thus,

it is assumed that
�
τc −

�
τ∞ = −LLLe

∗ : (Dc −D∞), (14.8.19)

where
�
τc = LLLep

c : Dc,
�
τ∞ = LLLep : D∞, (14.8.20)

and

LLLe
∗ : SSS e = LLLe : (III − SSS e). (14.8.21)

The tensor LLLe is the overall elastic moduli tensor of the elastoplastic ag-

gregate, and SSS e is the Eshelby tensor corresponding to LLLe. This leads to

concentration tensors

AAAc = (LLLep
c +LLLe

∗)
−1 : (LLLep +LLLe

∗), (14.8.22)

BBBc = (MMMep
c +MMMe

∗)
−1 : (MMMep +MMMe

∗). (14.8.23)

The implicit equations for LLLep and MMMep are, thus,

LLLep = {LLLep
c : (LLLep

c +LLLe
∗)

−1 : (LLLep +LLLe
∗)}, (14.8.24)

MMMep = {MMMep
c : (MMMep

c +MMMe
∗)

−1 : (MMMep +MMMe
∗)}. (14.8.25)



Figure 14.7. Polycrystalline stress-plastic strain curves
for isotropic aggregate of isotropic ideally-plastic crystals
(from Hutchinson, 1970; with permission from The Royal
Society and the author).

14.8.2. Hutchinson’s Calculations

Hutchinson’s (1970) calculations of tensile stress-strain curves for polycrys-

tals of spherical f.c.c. grains, with randomly oriented crystalline lattice, re-

veal that in the early stages of plastic deformation predictions based on

Hill’s and K.B.W. models are essentially identical, since LLLep
∗ is then approx-

imately equal to LLLe
∗. However, with progression of plastic deformation, the

components of LLLep decrease, and so do the components of LLLep
∗ , while the

components of LLLe
∗ remain constant. Consequently, the matrix constraint

surrounding each grain is considerably weakened in Hill’s model, and the

stress required to produce a given amount of strain is lower in Hill’s than in

K.B.W. model (Fig. 14.7).

Hutchinson also calculated the initial and subsequent polycrystalline

yield surfaces for the tensile deformation of an aggregate of isotropic non-

hardening single crystals. The polycrystalline yield surface develops a corner

after only a very small amount of plastic deformation. Figure 14.8 shows

the traces of the yield surface on the two indicated planes in stress space.

Since microscopic Bauschinger effect was not incorporated into calculations,

the macroscopic Bauschinger type effect apparent in Fig. 14.8 is entirely

due to grain interaction effects. The inclusion of crystal hardening will af-

fect the yield surface evolution. The stronger (latent) hardening on inactive



Figure 14.8. Evolution of the yield surface during ten-
sile loading of an f.c.c. polycrystal comprised of isotropic
ideally-plastic crystals (from Hutchinson, 1970; with per-
mission from The Royal Society and the author).

than on active slip systems will cause the yield surface to contract less in

the directions in stress space that are normal to the direction of the loading.

The incorporation of the microscopic crystalline Bauschinger effect will cause

the yield surface to contract more in the direction opposite to the loading

direction.

The self-consistent calculations of the evolution of the yield surface were

also performed by Iwakuma and Nemat-Nasser (1984), Berveiller and Zaoui

(1986), Beradai, Berveiller, and Lipinski (1987). The studies of the rate-

dependent polycrystalline response by the self-consistent method were done

by Brown (1970), Hutchinson (1976), Weng (1981, 1982), Lin (1984), Nemat-

Nasser and Obata (1986), Molinari, Canova, and Ahzi (1987), Harren (1989),

Toth and Molinari (1994), Molinari (1997), Molinari, Ahzi, and Koddane

(1997), Masson and Zaoui (1999), and others.

14.8.3. Berveiller and Zaoui Accommodation Function

The elastic moduli of the crystal and the aggregate are assumed to be iden-

tical in the K.B.W. model, both being given by the isotropic stiffness tensor

LLLe = 2µJJJ +3κKKK . Thus, in the case of spherical grain, the constraint tensor

is

LLLe
∗ = 2µ

[(
1
α
− 1

)
JJJ + 2KKK

]
, (14.8.26)



and Eq. (14.8.19) becomes

�
τc −

�
τ∞ = −2µ

(
1
α
− 1

)
(Dc −D∞) , α =

6(κ+ 2µ)
5(3κ+ 4µ)

. (14.8.27)

In an attempt to better represent the grain interaction and the matrix con-

straint, Berveiller and Zaoui (1979) suggested that the constraint tensor LLLe
∗

in the K.B.W. model should be replaced by the constrained tensor corre-

sponding to the elastoplastic stiffness of the polycrystal, which is approxi-

mated by an isotropic fourth-order tensor

LLLep = 2µt JJJ + 3κKKK , (14.8.28)

where µt is the tangent shear modulus of the polycrystal at the considered

instant of elastoplastic deformation. For isochoric plastic deformation, κt =

κ. Thus, Eq. (14.8.26) is replaced with

LLLep
∗ = 2µt

[(
1
αt
− 1

)
JJJ + 2KKK

]
, αt =

6(κ+ 2µt)
5(3κ+ 4µt)

, (14.8.29)

and Eq. (14.8.27) with

�
τc −

�
τ∞ = −2µt

(
1
αt
− 1

)
(Dc −D∞) . (14.8.30)

If the elastoplastic partitions

Dc = Dp
c +

1
2µ

�
τc , D∞ = Dp

∞ +
1
2µ

�
τ∞ (14.8.31)

are substituted into Eq. (14.8.30), there follows

�
τc −

�
τ∞ = −2ϕµ (1− α)(Dp

c −Dp
∞) . (14.8.32)

The parameter

ϕ =
1− αt

1− α

µt

αtµ+ (1− αt)µt
(14.8.33)

is the so-called plastic accommodation function. The predicted stress strain

curve falls between Hill’s and K.B.W. curve in Fig. 14.7. When µt = µ, it

follows that αt = α and ϕ = 1, so that Eq. (14.8.33) reduces to the original

expression of the K.B.W. method.

14.8.4. Lin’s Model

In an extension of Taylor’s rigid-plastic model, Lin (1957) assumed that all

grains in a polycrystalline aggregate deform equally (Dc = D∞), even when



elastic strains are not negligible. Thus, the concentration tensor is in this

case AAAc = III , and Eq. (14.8.7) becomes

LLLep = {LLLep
c }. (14.8.34)

The prediction of the tensile stress-plastic strain curve from Lin’s model

is shown in Fig. 14.7. See also Hutchinson (1964a,b), Lin and Ito (1965,

1966), and Lin (1971). If the stresses in all grains are assumed to be equal,

the tensor of the macroscopic aggregate compliances is

MMMep = {MMMep
c }. (14.8.35)

14.8.5. Rigid-Plastic Moduli

The rigid-plastic polycrystalline aggregates can be treated by considering the

rigid-plastic crystals embedded in a rigid-plastic matrix. Suppose that all

crystals deform by single slip, of different orientations in different grains. By

averaging Eq. (14.7.47) we obtain an implicit equation for the compliances

MMMp,

PPP = { η Gc ⊗Gc

bc + Gc : LLLp
∗ : Gc

}. (14.8.36)

This was derived from {AAAc} = III , and the fact that PPP = SSSp :MMMp is indepen-

dent of the orientation of the crystalline lattice. The parameter η is equal

to 1 or 0, depending on whether Gc :
�
σ∞ is positive or negative.

If the slip mode Gc is the same for all grains, then, for compatibility,

the rate of deformation is necessarily uniform throughout the aggregate, so

that
D∞ = Dc, G = Gc. (14.8.37)

Recalling that for the rigid-plastic response

bcDc = (Gc ⊗Gc) :
�
σc, bD∞ = (G⊗G)

�
σ∞, (14.8.38)

and since {�σc} =
�
σ∞, the averaging of Eq. (14.8.38) gives

b = { bc}. (14.8.39)

Thus, in this particular case, the polycrystalline hardening rate is the average

of the hardening rates in the individual crystals (Hill, 1965a).



14.9. Development of Crystallographic Texture

The formation of crystallographic texture is an important cause of anisotropy

in polycrystalline materials. The texture has effects on macroscopic yield

surface, the strain hardening characteristics (textural strengthening or soft-

ening effects), and may significantly affect the onset and the development

of the localized modes of deformation. Some basic aspects of the texture

analysis are discussed in this section. We restrict the consideration to crys-

tallographic texture, although the development of morphological texture,

due to the shape changes of the crystalline grains, may also be an important

cause of the overall polycrystalline anisotropy at large strains.

In his treatment of axisymmetric tension of f.c.c. polycrystals, Taylor

(1938a) observed that the crystallographic orientations of the grains in an

initially isotropic aggregate tend toward the orientations with either (111)

or (100) direction parallel to the direction of extension. His analysis was

based on the rigid-plastic model considered in Section 14.1. The material

spin tensor Wc in each grain is caused by the lattice spin W∗
c and by the

slip induced spin, such that

Wc = W∗
c +

12∑
α=1

Qαc γ̇
α. (14.9.1)

The components of the slip induced spin,

ΩΩΩc =
12∑
α=1

Qαc γ̇
α =

12∑
α=1

1
2

(sα ⊗mα −mα ⊗ sα) γ̇α, (14.9.2)

expressed on the cubic axes, are

2
√

6 Ωc
12 = a1 + a2 − 2a3 + b1 + b2 − 2b3 − c1 − c2 + 2c3 − d1 − d2 + 2d3,

(14.9.3)

2
√

6 Ωc
23 = −2a1 + a2 + a3 + 2b1 − b2 − b3 − 2c1 + c2 + c3 + 2d1 − d2 − d3,

(14.9.4)

2
√

6 Ωc
31 = a1 − 2a2 + a3 − b1 + 2b2 − b3 − c1 + 2c2 − c3 + d1 − 2d2 + d3.

(14.9.5)

The slip rates in the respective positive slip directions (see Table 14.1) are

designated by ai, bi, ci, di (i = 1, 2, 3).



Figure 14.9. Taylor’s prediction of the rotation of the
specimen axis relative to the lattice axes of differently ori-
ented grains in a polycrystalline aggregate at an extension
of 2.37% (from Taylor, 1938b; with permission from the In-
stitute for Materials).

According to Taylor’s isostrain assumption, all grains are equally de-

formed, so that

Dc = D∞, Wc = W∞ = 0. (14.9.6)

For a prescribed D∞, a set of five independent slip rates can be found in

each grain that is geometrically equivalent to this strain, and meets Taylor’s

minimum shear principle (min
∑
α |dγα|). The corresponding lattice spin in

the grain is then

W∗
c = −

5∑
α=1

Qαc γ̇
α. (14.9.7)

Since more than one set of five slip rates can be geometrically admissible

and meet the minimum shear principle, the lattice spin W∗
c is not necessar-

ily uniquely determined in this model. Taylor plotted incremental rotation

of the specimen axis relative to the lattice axes for selected 44 initial grain

orientations in a polycrystalline bar extended 2.37%. The directions and

relative magnitudes of the rotations are shown in Fig. 14.9. The angles φ

and θ are defined in Fig. 14.10. Although the calculations were confined



Figure 14.10. Definition of the angles φ and θ used in
Fig. 14.9. The angles specify the orientation of the axis of
specimen extension relative to local crystalline axes.

to a neighborhood of the initial yield, the initial trends of lattice rotations

indicate a tendency toward a (111) − (100) texture development, as exper-

imentally observed in stretched f.c.c. polycrystalline specimens. Since two

different sets of five slips were geometrically equivalent and met the mini-

mum shear principle for many of the initial grain orientations, two arrows

emanate from the points corresponding to such orientations. For example,

in the region EC either the set of five slips designated by E or C can oc-

cur. The angle between the two arrows then indicates the range of possible

rotations of the specimen axis relative to the crystal axes.

Taylor’s analysis motivated further experimental and theoretical stud-

ies of the texture in metal polycrystals. Bishop (1954) found an even more

pronounced nonuniqueness of initial lattice rotations in the uniaxial compres-

sion of f.c.c. polycrystals. Chin and Mammel (1967) performed calculations

for axisymmetric deformation of b.c.c. polycrystalline specimens. A sig-

nificant amount of research was done to extend Taylor’s analysis to large

deformations. An early incremental application of Taylor’s model to predict

the evolving texture was presented by Kallend and Davies (1972), in the

case of the plane strain idealization of cold rolling. Dillamore, Roberts and

Bush (1979) examined the texture evolution in heavily rolled cubic metals
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in which shear bands become a dominant deformation mode. A method of

the relaxed constraints was proposed by Honneff and Mecking (1978), and

further developed by Canova, Kocks, and Jonas (1984), which includes the

effects of the grain morphology and the changes in grain shape at large defor-

mation. See also Van Houtte (1991). The texture evolution in plane strain

compression and simple shear in the f.c.c. and h.c.p. aggregates was studied

by finite elements and orientation distribution schemes by Prantil, Jenkins,

and Dawson (1994), and Dawson and Kumar (1997). The calculations based

on the self-consistent model were performed by Berveiller and Zaoui (1979,

1986), Molinari, Canova, and Ahzi (1987), Lipinski, Naddari, and Berveiller

(1992), and Toth and Molinari (1994). The book by Yang and Lee (1993),

and the reviews by Zaoui (1987) and Molinari (1997) can be consulted for ad-

ditional references. Other aspects of the texture development are discussed

in Gottstein and Lücke (1978), Bunge (1982, 1988), and Bunge and Nielsen

(1997).

A large amount of research was devoted to deal with the nonuniqueness

of lattice rotations due to the nonuniqueness of slip rates, and the result-

ing consequences on the texture predictions. Chin (1969) proposed that the

operative set of slip rates is one with the maximum amount of the cross

slip. Bunge (1970) used the average slips of all sets of admissible slip sys-

tems having the same minimum plastic work. Gil-Sevillano, Van Houtte,

and Aernoudt (1975) selected the average of all admissible rotations in their

calculations of texture, or randomly chose a set of slip rates from all ad-

missible sets (Gil-Sevillano, Van Houtte, and Aernoudt, 1980). Lin and

Havner (1994) adopted a minimum plastic spin postulate, introduced by

Fuh and Havner (1989), according to which the operative set of slip rates

minimizes the magnitude of the spin vector, associated with the compo-

nents (14.9.3)–(14.9.5). The latter work provides a comprehensive analysis

of the texture formation and the evolution of the macroscopic yield surface

for f.c.c. polycrystalline metals in axisymmetric tension and compression,

up to large strains. Taylor’s model was incrementally used. In addition to

Taylor’s isotropic hardening, three other hardening rules were incorporated,

accounting for the latent hardening on slip systems. The texture evolution

in tension up to logarithmic strain eL = 1.61 is depicted in Fig. 14.12. The



Figure 14.11. The initial distribution of the loading axis
on the inverse pole figure, which is a [001] stereographic pro-
jection of the triangle [001][011][1̄11] (from Lin and Havner,
1994; with permission from Elsevier Science).

distribution of the initial grain orientation is shown in Fig. 14.11. A compar-

ative study of the hardening theories in torsion is given by Lin and Havner

(1996). See also Wu, Neale, and Van der Giessen (1996).

Another approach used to resolve the nonuniqueness of lattice rotations,

is to adopt a rate-dependent model of the crystallographic slip, in which the

nonuniqueness of slip rates is eliminated altogether. This makes the lattice

rotations and texture predictions unique. Using such an approach, Asaro

and Needleman (1985) determined the texture evolution for the uniaxial and

plane strain tensile and compressive loadings. Taylor’s isostrain assumption,

with the included elastic component of strain, was used in the large strain

formulation of the model. Harren, Lowe, Asaro, and Needleman (1989) gave

a comprehensive analysis of the shearing texture, with the stereographic

pole and inverse pole figures corresponding to textures at various levels of

finite shear strain. Anand and Kothari (1996) devised an iterative numer-

ical procedure and a recipe based on the singular value decomposition to

determine the unique set of active slip systems and slip increments in a rate-

independent theory. The calculated stress-strain curves and the evolution of

the crystallographic texture in simple compression were essentially indistin-

guishable from the corresponding calculations for a rate-dependent model

(with a low value of the rate-sensitivity parameter), previously reported by



Figure 14.12. Inverse pole figures in tension for Taylor’s
hardening and Bunge’s average slip method at the logarith-
mic strain levels of: (a) 0.23, (b) 0.69, (c) 1.15, and (d) 1.61
(from Lin and Havner, 1994; with permission from Elsevier
Science).

Bronkhorst, Kalindini, and Anand (1992). They employed finite element

calculations, as well as calculations based on Taylor’s assumption of uniform

deformation within each grain. The texture evolution in the aggregates of

elastic-viscoplastic crystals with the low symmetry crystal lattices, lacking

five independent slip systems, was studied by Parks and Ahzi (1990), Lee,

Ahzi, and Asaro (1995), and Schoenfeld, Ahzi, and Asaro (1995). Further

detailed analysis of various aspects of texture development can be found in

a recent treatise by Kocks, Tomé, and Wenk (1998).

14.10. Grain Size Effects

The experimental evidence and the dislocation based models indicate that

the macroscopic stress-strain response of a polycrystalline aggregate depends



on the polycrystalline grain size. The well-known Hall–Petch relationship

expresses the tensile yield stress of an aggregate, at a given amount of strain,

as

σ = σ0 + k l−1/2, (14.10.1)

where l is the average grain size (Fig. 14.13), and σ0 and k are the appropri-

ate constants (Hall, 1951; Petch, 1953). The constant k may be viewed as a

measure of the average grain boundary resistance to slip propagation across

the boundaries of differently oriented grains. Hall and Petch attributed the

l−1/2 dependence to stress acting on a dislocation pileup at the grain bound-

ary. From an analytical solution derived by Eshelby, Frank, and Nabarro

(1951), the stress exerted on the pinned dislocation at the boundary is equal

to τpin = n τ , where τ is the applied shear stress on the pileup of n dislo-

cations. For large n, the length of the pileup approaches l = k0 n/τ , where

k0 = µb/π(1 − ν) (b is the Burgers vector of edge dislocations in isotropic

medium with the shear modulus µ and Poisson’s ratio ν). By assuming that

the length of the pileup is equal to the grain size, and by requiring that τpin is

equal to the critical stress τ∗ necessary to propagate the plastic deformation

across the boundary, the Hall–Petch relation follows

τ = τ0 + (k0τ∗)1/2 l−1/2, (14.10.2)

where τ0 is the lattice friction stress. An alternative explanation of the l−1/2

dependence is based on the measured dislocation density, which was found

to be inversely proportional to the grain size, at a given amount of strain. If

the flow stress increases in proportion to the square-root of the dislocation

density, as suggested by Taylor’s (1934) early dislocation model of strain

hardening, the Hall–Petch relationship is again obtained.

Other micromechanical models were constructed to support the Hall–

Petch relationship. Ashby (1970) suggested that geometrically necessary

dislocations are generated in the vicinity of grain boundaries of the differ-

ently oriented grains, in order for them to fit together upon deformation

under the applied stress. The density of these dislocations scales with the

average strain in the grain divided by the grain size. Thus, the elevation

in the yield stress scales with l−1/2. Meyers and Ashworth (1982) proposed



Figure 14.13. The yield stress σ of a polycrystalline ag-
gregate as a function of the average grain size l, according
to Hall–Petch inverse square-root relation.

that the grain size dependence of the yield stress is due to elastic incompati-

bility stresses at the grain boundaries. A work-hardened layer in the vicinity

of grain boundaries, created by a network of geometrically necessary dislo-

cations, acts as a reinforcement which elevates the yield stress. Modeling of

the formation of organized dislocation structures by Lubarda, Blume, and

Needleman (1993) can be employed to further study the microscopic struc-

tures causing the grain size effects. Related work includes Aifantis (1995),

Van der Giessen and Needleman (1995), and Zbib, Rhee, and Hirth (1997).

The polycrystalline constitutive models considered in the previous sec-

tions of this chapter are unable to predict any grain size effect on the macro-

scopic response, because they were derived by the averaging schemes from

the single crystal constitutive equations, which did not involve any length

scale in their structure. In an approach toward a theoretical evaluation of

the grain size effect on the overall behavior of polycrystals, Smyshlyaev and
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Fleck (1996), and Shu and Fleck (1999) employed the strain gradient crystal

plasticity theory of Fleck and Hutchinson (1997). The first-order gradients

of the slip rates were included in this formulation. Since the nonlocal con-

tinuum theories are not considered in this book, we refer for the details of

this approach to cited papers, and to Dillon and Kratochvil (1970), Zbib and

Aifantis (1992), and Ning and Aifantis (1996a,b).

In the remainder of this section, we proceed in a simpler manner by

partially addressing the grain size effects as follows. According to Armstrong,

Codd, Douthwaite, and Petch (1962), and Armstrong (1970), it is assumed

that the critical resolved shear stress of a single crystalline grain embedded

in the surrounding polycrystal (effective medium) is grain size dependent,

such that for an α slip system, at a given state of deformation,

ταcr = (ταcr)
∞ + kαc l

−1/2. (14.10.3)

Here, (ταcr)
∞ is the critical resolved shear stress in a free crystal (or in an

infinite size crystal). The constant kαc (c stands for the crystal) reflects the

fact that, when the grain is within a polycrystalline aggregate, dislocations

arriving at the grain boundary cannot freely cross the boundary. This el-

evates the slip resistance and the required shear stress on the slip system.

More generally, a hardening rule for the rate of the critical resolved shear

stress could be specified, by extending (12.9.1), as

τ̇αcr =
n0∑
β=1

(
hαβ + cαβ l

−1/2
)
γ̇β , α = 1, 2, . . . , N. (14.10.4)

If Eq. (14.10.3) is adopted, the objective is to deduce the polycrystalline

aggregate yield stress, for a given distribution of lattice orientations among

the grains. A self-consistent calculation was presented by Weng (1983). We

here employ a less involved analysis, based on Taylor’s model of equal strain

in all grains. Assuming that all slip systems within a grain harden equally,

we write

(ταcr)
∞ = τ∞cr , kαc = kc, (14.10.5)

regardless of how much slip actually occurred on a particular slip system.

From Eq. (14.1.16), the average values τ̄∞cr and k̄ for the aggregate are



defined such that

{
(
τ∞cr + kc l

−1/2
)

min
∑
α

|γ̇α| } =
(
τ̄∞cr + k̄ l−1/2

)
{min

∑
α

|γ̇α| } .

(14.10.6)

In each grain it is assumed that

τ∞cr = f

(∫
min

∑
α

|dγα|
)
, kc = g

(∫
min

∑
α

|dγα|
)
, (14.10.7)

and for the averages over all grains

τ̄∞cr = f(γ̄) , k̄ = g(γ̄) , γ̄ =
∫
{min

∑
α

|dγα| } . (14.10.8)

Thus, extending Eq. (14.1.20), we have

σ = m τ̄cr = m
(
τ̄∞cr + k̄ l−1/2

)
= m

[
f(γ̄) + g(γ̄) l−1/2

]
, (14.10.9)

i.e.,

σ = m

[
f

(∫
mde

)
+ g

(∫
mde

)
l−1/2

]
, (14.10.10)

since

γ̄ =
∫
{min

∑
α

|dγα| } =
∫

mde . (14.10.11)

Consequently, the Hall–Petch relation

σ = σ0 + k l−1/2, (14.10.12)

with

σ0 = mf

(∫
mde

)
, k = mg

(∫
mde

)
. (14.10.13)

As discussed earlier, the Taylor orientation factor m changes with the pro-

gression of deformation due to lattice rotation. For an initial random dis-

tribution of f.c.c. lattice orientation, m = 3.06, while for the random b.c.c.

lattice orientation, m = 2.83.
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Kröner, E. (1961), Zur plastichen Verformung des Vielkristalls, Acta Metall.,

Vol. 9, pp. 155–161.

Lee, B. J., Ahzi, S., and Asaro, R. J. (1995), On the plasticity of low symme-

try crystals lacking five independent slip systems, Mech. Mater., Vol.

20, pp. 1–8.

Lin, G. and Havner, K. S. (1994), On the evolution of texture and yield loci

in axisymmetric deformation of f.c.c. polycrystals, Int. J. Plasticity,

Vol. 10, pp. 471–498.

Lin, G. and Havner, K. S. (1996), A comparative study of hardening theories

in torsion using the Taylor polycrystal model, Int. J. Plasticity, Vol.

12, pp. 695–718.

Lin, T. H. (1957), Analysis of elastic and plastic strains of a face-centred

cubic crystal, J. Mech. Phys. Solids, Vol. 5, pp. 143–149.

Lin, T. H. (1971), Physical theory of plasticity, Adv. Appl. Mech., Vol. 11,

pp. 255–311.



Lin, T. H. and Ito, Y. M. (1965), Theoretical plastic distortion of a polycrys-

talline aggregate under combined and reversed stresses, J. Mech. Phys.

Solids, Vol. 13, pp. 103–115.

Lin, T. H. and Ito, Y. M. (1966), Theoretical plastic stress-strain relation-

ships of a polycrystal and comparison with von Mises’ and Tresca’s

plasticity theories, Int. J. Engng. Sci., Vol. 4, pp. 543–561.

Lipinski, P. and Berveiller, M. (1989), Elastoplasticity of micro-inhomogene-

ous metals at large strains, Int. J. Plasticity, Vol. 5, pp. 149–172.

Lipinski, P., Naddari, A., and Berveiller, M. (1992), Recent results concern-

ing the modelling of polycrystalline plasticity at large strains, Int. J.

Solids Struct., Vol. 29, pp. 1873–1881.

Lubarda, V. A. (1997), New estimates of the third-order elastic constants

for isotropic aggregates of cubic crystals, J. Mech. Phys. Solids, Vol.

45, pp. 471–490.

Lubarda, V. A. (1998), A note on the effective Lamé constants of poly-
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