
CHAPTER 12

CRYSTAL PLASTICITY

Previous chapters were devoted to phenomenological theory of plasticity, in

which microscopic structure and mechanisms causing plastic flow were not

included explicitly, but only implicitly through macroscopic variables, such

as the generalized plastic strain, the radius of the yield surface, or the back

stress. This chapter deals with plastic deformation of single crystals. The

discrete dislocation substructure is still ignored, but plastic deformation is

considered to occur in the form of smooth shearing on the slip planes and

in the slip directions. Such continuum model of slip has its origin in the

pioneering work of Taylor (1938). The model was further developed by Hill

(1966) in the case of elastoplastic deformation with small elastic component

of deformation, and by Rice (1971), Kratochvil (1971), Hill and Rice (1972),

Havner (1973), Mandel (1974), Asaro and Rice (1977), and Hill and Havner

(1982) in the case of finite elastic and plastic deformations. Since the theory

explicitly accounts for the specific microscopic process (crystallographic slip),

it is also referred to as the physical theory of plasticity. Optical micrographs

of crystallographic slip are shown in Fig. 12.1. Other mechanisms of plastic

deformation, such as twinning, displacive (martensitic) transformations, and

diffusional processes are not considered in this chapter.

12.1. Kinematics of Crystal Deformation

The kinematic representation of elastoplastic deformation of single crystals

(monocrystals), in which crystallographic slip is assumed to be the only

mechanism of plastic deformation, is shown in Fig. 12.2. The material flows

through the crystalline lattice via dislocation motion, while the lattice itself,

with the material embedded to it, undergoes elastic deformation and rota-

tion. The plastic deformation is considered to occur in the form of smooth



(a) (b)

Figure 12.1. (a) Optical micrograph of crystallographic
slip in an Au crystal, and (b) bands of primary and sec-
ondary slip in an aluminum crystal (from Sawkill and Hon-
eycombe, 1954; with permission from Elsevier Science).

shearing on the slip planes and in the slip directions. The deformation gra-

dient F is decomposed as

F = F∗ · Fp, (12.1.1)

where Fp is the part of F due to slip only, while F∗ is the part due to lattice

stretching and rotation. This decomposition is formally analogous to Lee’s

(1969) multiplicative decomposition, discussed in the previous chapter. The

deformation gradient remaining after elastic destressing and upon returning

the lattice to its original orientation is Fp = F·F∗−1. Denote the unit vector

in the slip direction and the unit vector normal to the corresponding slip

plane in the undeformed configuration by sα0 and mα
0 , where α designates the

slip system. The same vectors are attached to the lattice in the intermediate

configuration, because the lattice does not deform or rotate during the slip

induced transformation Fp. The vector sα0 is embedded in the lattice, so

that it becomes sα = F∗ · sα0 in the deformed configuration. The normal

to the slip plane in the deformed configuration is defined by the reciprocal

vector mα = mα
0 · F∗−1. Thus,

sα = F∗ · sα0 , mα = mα
0 · F∗−1. (12.1.2)

In general, sα and mα are not unit vectors, but are orthogonal to each other,

sα ·mα = 0.



Figure 12.2. Kinematic model of elastoplastic deforma-
tion of single crystal. The material flows through the crys-
talline lattice by crystallographic slip, which gives rise to
deformation gradient Fp. Subsequently, the material with
the embedded lattice is deformed elastically from the inter-
mediate to the current configuration. The lattice vectors
in the two configurations are related by sα = F∗ · sα0 and
mα = sα0 · F∗−1.

Velocity Gradient

In view of the decomposition (12.1.1), the velocity gradient L = Ḟ ·F−1 can

be expressed as

L = L∗ + F∗ ·
(
Ḟp · Fp−1

)
· F∗−1, (12.1.3)

where L∗ is the lattice velocity gradient,

L∗ = Ḟ∗ · F∗−1. (12.1.4)

The velocity gradient in the intermediate configuration is produced by the

slip rates γ̇α on n active slip systems, such that

Ḟp · Fp−1 =
n∑
α=1

γ̇α sα0 ⊗mα
0 . (12.1.5)
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The slip systems
(
s0,m0

)
and

(
−s0,m0

)
are considered as separate slip

systems, on each of which only the positive slip rate is allowed. For example,

with this convention, the total number of available slip systems in f.c.c.

crystals is 24. Using Eq. (12.1.2), the corresponding tensor in the deformed

configuration is

F∗ ·
(
Ḟp · Fp−1

)
· F∗−1 =

n∑
α=1

γ̇α sα ⊗mα. (12.1.6)

The right-hand side of Eq. (12.1.6) can be decomposed into its symmet-

ric and anti-symmetric parts as
n∑
α=1

γ̇α sα ⊗mα =
n∑
α=1

(Pα + Qα) γ̇α. (12.1.7)

The second-order (slip orientation) tensors Pα and Qα are defined by (e.g.,

Asaro, 1983a)

Pα =
1
2

(sα ⊗mα + mα ⊗ sα) , (12.1.8)

Qα =
1
2

(sα ⊗mα −mα ⊗ sα) . (12.1.9)

Thus, the velocity gradient can be expressed as

L = L∗ +
n∑
α=1

(Pα + Qα) γ̇α. (12.1.10)

Upon using the decomposition of the lattice velocity gradient L∗ into its

symmetric and anti-symmetric parts, the lattice rate of deformation D∗ and

the lattice spin W∗, i.e.,

L∗ = D∗ + W∗, (12.1.11)

we can split Eq. (12.1.10) into

D = D∗ +
n∑
α=1

Pα γ̇α, (12.1.12)

W = W∗ +
n∑
α=1

Qα γ̇α. (12.1.13)

The time-rate of the Schmid orientation tensor Pα can be found by

differentiating Eq. (12.1.8). Since

ṡα = L∗ · sα, ṁα = −mα · L∗, (12.1.14)



there follows

Ṗα =
1
2

[L∗ · (sα ⊗mα)− (sα ⊗mα) · L∗

− L∗T · (mα ⊗ sα) + (mα ⊗ sα) · L∗T ]
.

(12.1.15)

This can be rewritten in terms of the Jaumann derivative of Pα with respect

to the lattice spin as
•
Pα = Ṗα −W∗ ·Pα + Pα ·W∗ = D∗ ·Qα −Qα ·D∗. (12.1.16)

Rate of Lagrangian Strain

The following Lagrangian strain measures, relative to the initial reference

configuration, can be introduced

E =
1
2

(
FT · F− I

)
, Ep =

1
2

(
FpT · Fp − I

)
, (12.1.17)

where I is the second-order unit tensor. The Lagrangian lattice strain, with

respect to the intermediate configuration, is

E∗ =
1
2

(
F∗T · F∗ − I

)
. (12.1.18)

The introduced strain measures are related by

E = FpT ·E∗ · Fp + Ep. (12.1.19)

By differentiating Eq. (12.1.19), the rate of total Lagrangian strain is

Ė = FpT ·
{
Ė∗ +

1
2

[
C∗ ·

(
Ḟp · Fp−1

)
+

(
Ḟp · Fp−1

)T
·C∗

]}
· Fp,

(12.1.20)

where

C∗ = F∗T · F∗ (12.1.21)

is the lattice deformation tensor. After Eq. (12.1.5) is substituted into Eq.

(12.1.20), the rate of the Lagrangian strain becomes

Ė = FpT · Ė∗ · Fp +
n∑
α=1

Pα0 γ̇
α. (12.1.22)

The symmetric second-order tensor Pα0 is defined by

Pα0 =
1
2
FpT · [C∗ · (sα0 ⊗mα

0 ) + (mα
0 ⊗ sα0 ) ·C∗] · Fp. (12.1.23)

It can be easily verified that Pα0 is induced from Pα by the deformation F,

so that

Pα0 = FT ·Pα · F. (12.1.24)



An equivalent representation of the tensor Pα0 is

Pα0 =
1
2

(
C · Zα0 + Zα0

T ·C
)
, (12.1.25)

where C = FT · F, and

Zα0 = Fp−1 · (sα0 ⊗mα
0 ) · Fp. (12.1.26)

Since

Pα + Qα = F∗ · (sα0 ⊗mα
0 ) · F∗−1, (12.1.27)

there is a connection

Zα0 = F−1 · (Pα + Qα) · F. (12.1.28)

This shows that the tensor Zα0 is induced from the tensor (Pα + Qα) by the

deformation F. Its rate is

Żα0 =
n∑
β=1

(
Zα0 · Zβ0 − Zβ0 · Zα0

)
γ̇β . (12.1.29)

The rate of Pα0 is obtained by differentiating Eq. (12.1.23). The result is

Ṗα0 =
(
FpT · Ė∗ · Fp

)
· Zα0 + Zα0

T ·
(
FpT · Ė∗ · Fp

)

+
n∑
β=1

(
Pα0 · Zβ0 + Zβ0

T ·Pα0
)
γ̇β .

(12.1.30)

The second-order tensors Pα0 and Zα0 were originally introduced by Hill and

Havner (1982) (ν̃ and C̃ in their notation).

12.2. Kinetic Preliminaries

In the following derivation it will be assumed that elastic properties of the

crystal are not affected by crystallographic slip. Since slip is an isochoric

deformation process, the elastic strain energy per unit initial volume can be

written as

Ψe = Ψe (E∗) = Ψe
[
Fp−T · (E−Ep) · Fp−1

]
, (12.2.1)

in view of Eq. (12.1.19). The function Ψe is expressed in the coordinate

system that has a fixed orientation relative to the lattice orientation in B0

and Bp. The symmetric Piola–Kirchhoff stress tensors, relative to the lattice

and total deformation, are derived from Ψe by the gradient operations

T∗ =
∂Ψe

∂E∗ , T =
∂Ψe

∂E
. (12.2.2)



They are related by

T∗ = Fp ·T · FpT . (12.2.3)

The stress tensors T∗ and T, expressed in terms of the Kirchhoff stress

τ = (detF)σ (σ denotes the Cauchy stress), are

T∗ = F∗−1 · τ · F∗−T , T = F−1 · τ · F−T . (12.2.4)

Since plastic incompressibility is assumed, we have

detF∗ = detF. (12.2.5)

The rates of the Piola–Kirchhoff stresses Ṫ∗ and Ṫ can be cast in terms

of the convected rates of the Kirchhoff stress as

Ṫ∗ = F∗−1 · �
τ · F∗−T , Ṫ = F−1 · �τ · F−T . (12.2.6)

The convected rates of the Kirchhoff stress, with respect to the lattice and

total deformation, are
�
τ = τ̇− L∗ · τ− τ · L∗T ,

�
τ = τ̇− L · τ− τ · LT , (12.2.7)

so that
�
τ =

�
τ + (L− L∗) · τ + τ · (L− L∗)T . (12.2.8)

The difference between the total and lattice velocity gradients is obtained

from Eq. (12.1.10),

L− L∗ =
n∑
α=1

(Pα + Qα) γ̇α. (12.2.9)

When this is substituted into Eq. (12.2.8), we obtain the relationship be-

tween the two convected stress rates,

�
τ =

�
τ +

n∑
α=1

(Pα · τ + τ ·Pα) γ̇α +
n∑
α=1

(Qα · τ− τ ·Qα) γ̇α. (12.2.10)

Similarly, the Jaumann rates
•
τ = τ̇−W∗ · τ + τ ·W∗,

◦
τ = τ̇−W · τ + τ ·W (12.2.11)

are related by
•
τ =

◦
τ + (W −W∗) · τ− τ · (W −W∗) . (12.2.12)

Since the difference between the total and lattice spin is, from Eq. (12.1.13),

W −W∗ =
n∑
α=1

Qα γ̇α, (12.2.13)



the substitution into Eq. (12.2.12) gives

•
τ =

◦
τ +

n∑
α=1

(Qα · τ− τ ·Qα) γ̇α. (12.2.14)

The relationship between the rates of stress tensors T∗ and T is obtained

by differentiating Eq. (12.2.3), i.e.,

Ṫ∗ = Fp · Ṫ · FpT +
(
Ḟp · Fp−1

)
·T∗ + T∗ ·

(
Ḟp · Fp−1

)T
. (12.2.15)

This can be rewritten as

Ṫ = Fp−1 · Ṫ∗ · Fp−T −
[
Fp−1 ·

(
Ḟp · Fp−1

)
· Fp

]
·T

−T ·
[
Fp−1 ·

(
Ḟp · Fp−1

)
· Fp

]T
.

(12.2.16)

Upon using Eq. (12.1.5), we obtain

Ṫ = Fp−1 · Ṫ∗ · Fp−T −
n∑
α=1

(
Zα0 ·T + T · Zα0 T

)
γ̇α. (12.2.17)

Additional kinematic and kinetic analysis can be found in Gurtin (2000).

Along purely elastic branch of the response (e.g., during elastic unload-

ing), we have

Ṫ = Fp−1 · Ṫ∗ · Fp−T , Ė = FpT · Ė∗ · Fp, (12.2.18)

since then

γ̇α = 0 and Ḟp = 0. (12.2.19)

12.3. Lattice Response

The tensors of elastic moduli corresponding to strain measures E∗ and E are

Λ∗
(1) =

∂2Ψe

∂E∗ ⊗ ∂E∗ , Λ(1) =
∂2Ψe

∂E⊗ ∂E
, (12.3.1)

with the connection

Λ(1) = Fp−1 Fp−1 Λ∗
(1) F

p−T Fp−T . (12.3.2)

Taking the time derivative in Eq. (12.2.2), there follows

Ṫ∗ = Λ∗
(1) : Ė∗. (12.3.3)

Substituting the first of (12.2.6), and

Ė∗ = F∗T ·D∗ · F∗, (12.3.4)



into Eq. (12.3.3), yields
�
τ = LLL(1) : D∗. (12.3.5)

The relationship between the introduced elastic moduli is

LLL(1) = F∗ F∗ Λ∗
(1) F

∗T F∗T = FFΛ(1) FT FT . (12.3.6)

The tensor products are such that, in the component form,

L(1)
ijkl = F ∗

im F ∗
jn Λ∗ (1)

mnpq F
∗
pk
T F ∗

ql
T . (12.3.7)

If the Jaumann rate corotational with the lattice spin W∗ is used, Eq.

(12.3.5) can be recast in the form
•
τ = LLL(0) : D∗. (12.3.8)

The relationship between the corresponding elastic moduli tensors is

LLL(0) = LLL(1) + 2SSS , (12.3.9)

which follows by recalling that
�
τ =

•
τ−D∗ · τ− τ ·D∗. (12.3.10)

The rectangular components of the fourth-order tensor SSS are

Sijkl =
1
4

(τikδjl + τjkδil + τilδjk + τjlδik) , (12.3.11)

as previously discussed in Section 6.2. Along an elastic branch of the re-

sponse (elastic unloading from elastoplastic state), the total and lattice ve-

locity gradients coincide, so that

L∗ = L,
�
τ =

�
τ ,

•
τ =

◦
τ. (12.3.12)

12.4. Elastoplastic Constitutive Framework

The rate-type constitutive framework for the elastoplastic loading of a single

crystal is obtained by substituting Eq. (12.2.10), and

D∗ = D−
n∑
α=1

Pα γ̇α, (12.4.1)

into Eq. (12.3.5). The result is

�
τ = LLL(1) : D−

n∑
α=1

Cα γ̇α, (12.4.2)

where

Cα = LLL(1) : Pα + (Pα · τ + τ ·Pα) + (Qα · τ− τ ·Qα) . (12.4.3)



Alternatively, if Eqs. (12.2.12) and (12.4.1) are substituted into Eq. (12.3.8),

there follows

◦
τ = LLL(0) : D−

n∑
α=1

Cα γ̇α, (12.4.4)

where

Cα = LLL(0) : Pα + (Qα · τ− τ ·Qα) . (12.4.5)

Having in mind the connection (12.3.9) between the elastic moduli tensors

LLL(0) and LLL(1), it is readily verified that the right-hand sides of Eqs. (12.4.3)

and (12.4.5) are equal to each other.

An equivalent constitutive structure can be obtained relative to the La-

grangian strain and its conjugate symmetric Piola–Kirchhoff stress. The

substitution of

Ṫ∗ = Fp ·
[
Ṫ +

n∑
α=1

(
Zα0 ·T + T · Zα0 T

)
γ̇α

]
· FpT (12.4.6)

and

Ė∗ = Fp−T ·
(

Ė−
n∑
α=1

Pα0 γ̇
α

)
· Fp−1, (12.4.7)

which follow from Eqs. (12.2.17) and (12.1.22), into Eq. (12.3.3) gives

Ṫ +
n∑
α=1

(
Zα0 ·T + T · Zα0 T

)
γ̇α = Λ(1) :

(
Ė−

n∑
α=1

Pα0 γ̇
α

)
. (12.4.8)

The relationship (12.3.2) between the moduli Λ(1) and Λ∗
(1) was also utilized.

Consequently,

Ṫ = Λ(1) : Ė−
n∑
α=1

Cα0 γ̇
α, (12.4.9)

where

Cα0 = Λ(1) : Pα0 + Zα0 ·T + T · Zα0 T . (12.4.10)

Recalling the expressions (12.1.24) and (12.1.28), and

Λ(1) = F−1 F−1LLL(1) F−T F−T , (12.4.11)

we deduce the relationship between the tensors Cα0 and Cα. This is

Cα0 = F−1 ·Cα · F−T . (12.4.12)

In view of Eq. (12.1.24), there is also an identity

Cα0 : Pα0 = Cα : Pα. (12.4.13)



12.5. Partition of Stress and Strain Rates

The elastic parts of the stress rates
◦
τ,

�
τ and Ṫ are defined by

◦
τ e = LLL(0) : D,

�
τ e = LLL(1) : D, (Ṫ)e = Λ(1) : Ė, (12.5.1)

since, from Eqs. (12.4.2), (12.4.4), and (12.4.9), only the remaining parts of

stress rates depend on the slip rates γ̇α. These are the plastic parts

◦
τ p =

�
τ p = −

n∑
α=1

Cα γ̇α, (Ṫ)p = −
n∑
α=1

Cα0 γ̇
α. (12.5.2)

In view of the connection (12.4.12), we have

(Ṫ)p = F−1 · �τ p · F−T . (12.5.3)

This relationship was anticipated from the previously established relation-

ship given by the second expression in Eq. (12.2.6). Physically, the plastic

stress rate (Ṫ)p gives a residual stress decrement (Ṫ)p dt in an infinitesimal

strain cycle, associated with application and removal of the strain increment

Ėdt.

The rate of deformation tensor and the rate of Lagrangian strain can be

expressed from Eqs. (12.4.2), (12.4.4) and (12.4.9) as

D =MMM(0) :
◦
τ +

n∑
α=1

MMM(0) : Cα γ̇α, (12.5.4)

D =MMM(1) :
�
τ +

n∑
α=1

MMM(1) : Cα γ̇α, (12.5.5)

Ė = M(1) : Ṫ +
n∑
α=1

M(1) : Cα0 γ̇
α. (12.5.6)

The introduced elastic compliances tensors are

MMM(0) = LLL−1
(0), MMM(1) = LLL−1

(1), M(1) = Λ−1
(1). (12.5.7)

The elastic parts of the rate of deformation tensor D, corresponding to the

Jaumann and convected rates of the Kirchhoff stress, and the elastic part of

the rate of Lagrangian strain Ė, are defined by

De
(0) =MMM(0) :

◦
τ, De

(1) =MMM(1) :
�
τ , (Ė)e = M(1) : Ṫ. (12.5.8)



The remaining parts of D and Ė depend on the slip rates γ̇α. They are the

plastic parts

Dp
(0) =

n∑
α=1

Hα γ̇α, Dp
(1) =

n∑
α=1

Gα γ̇α, (Ė)p =
n∑
α=1

Gα
0 γ̇

α, (12.5.9)

where

Hα =MMM(0) : Cα, Gα =MMM(1) : Cα, Gα
0 = M(1) : Cα0 . (12.5.10)

By comparing Eqs. (12.5.2) and (12.5.9), the plastic parts of the stress and

strain rates are related by

◦
τ p = −LLL(0) : Dp

(0),
�
τ p = −LLL(1) : Dp

(1), (Ṫ)p = −Λ(1) : (Ė)p. (12.5.11)

Since

M(1) = FT FTMMM(1) FF, (12.5.12)

and recalling the relationship (12.4.12) between the tensors Cα and Cα0 ,

there is a connection

Gα
0 = FT ·Gα · F. (12.5.13)

Thus

(Ė)p = FT ·Dp
(1) · F, (12.5.14)

as anticipated from the general expression Ė = FT ·D ·F. The strain incre-

ment (Ė)p dt represents a residual strain increment left in the crystal upon

an infinitesimal loading/unloading cycle associated with the stress increment

Ṫdt. The strain increment Dp
(0) dt is a residual strain increment left in the

crystal upon an infinitesimal loading/unloading cycle associated with the

stress increment
◦
τdt. Here,

◦
τdt = (detF)

◦
τdt, (12.5.15)

where
◦
τdt is the increment of stress conjugate to the logarithmic strain,

when the reference configuration is taken to momentarily coincide with the

current configuration. This has been discussed in more details in Section

3.9. Finally,
�
τ dt is the increment of the symmetric Piola–Kirchhoff stress,

conjugate to the Lagrangian strain, when the reference configuration is taken

to be the current configuration.

The relationship between the plastic parts of the rate of deformation

Dp
(0) and Dp

(1) can be obtained by substituting the first two expressions



from (12.5.11) into the identity
◦
τ p =

�
τ p. This gives

LLL(0) : Dp
(0) = LLL(1) : Dp

(1). (12.5.16)

Since LLL(0) = LLL(1) + 2SSS , we obtain

Dp
(0) = Dp

(1) − 2MMM(0) : SSS : Dp
(1), (12.5.17)

Dp
(1) = Dp

(0) + 2MMM(1) : SSS : Dp
(0). (12.5.18)

Thus, the relative difference between the components of Dp
(0) and Dp

(1) is of

the order of stress over elastic modulus (Lubarda, 1999).

The plastic strain rates can be expressed in terms of the previously

introduced tensors Pα, Qα and Zα0 by using Eqs. (12.4.3), (12.4.5), and

(12.4.10). The results are

Dp
(0) =

n∑
α=1

[
Pα +MMM(0) : (Qα · τ− τ ·Qα)

]
γ̇α, (12.5.19)

Dp
(1) =

n∑
α=1

{
Pα +MMM(1) : [(Pα · τ + τ ·Pα) + (Qα · τ− τ ·Qα)]

}
γ̇α,

(12.5.20)

(Ė)p =
n∑
α=1

[
Pα0 + M(1) :

(
Zα0 ·T + T · Zα0 T

)]
γ̇α. (12.5.21)

As discussed by Hill and Rice (1972), and Hill and Havner (1982), although

Dp
(0) = D −MMM(0) :

◦
τ in Eq. (12.5.19) is commonly called the plastic rate

of deformation, it does not come from the slip deformation only. There is a

further net elastic contribution from the lattice,

MMM(0) : (
•
τ− ◦

τ) =MMM(0) :
n∑
α=1

(Qα · τ− τ ·Qα) γ̇α, (12.5.22)

caused by the slip-induced rotation of the lattice relative to the stress, as

embodied in (12.2.14). Similar comments apply to Dp
(1) and (Ė)p in Eqs.

(12.5.20) and (12.5.21).

12.6. Partition of Rate of Deformation Gradient

In this section we partition the rate of deformation gradient into its elastic

and plastic parts, such that

Ḟ = (Ḟ)e + (Ḟ)p. (12.6.1)



The derivation proceeds as in Section 11.14. The elastic part is defined by

(Ḟ)e = M · · Ṗ, M = Λ−1. (12.6.2)

The lattice nominal stress and the overall nominal stress

P∗ = T∗ · F∗T , P = T · FT (12.6.3)

are derived from the elastic strain energy as

P∗ =
∂Ψe

∂F∗ , P =
∂Ψe

∂F
, (12.6.4)

with the connection

P∗ = Fp ·P. (12.6.5)

The corresponding pseudomoduli tensors are

Λ∗ =
∂2Ψe

∂F∗ ⊗ ∂F∗ , Λ =
∂2Ψe

∂F⊗ ∂F
. (12.6.6)

Their components (in the same rectangular coordinate system) are related

by

Λ∗
ijkl = F p

im Λmjnl F
p
kn . (12.6.7)

The lattice elasticity is governed by the rate-type constitutive equation

Ṗ∗ = Λ∗ · · Ḟ∗. (12.6.8)

By differentiating Eq. (12.6.5), there follows

Ṗ∗ = Fp · Ṗ + Ḟp ·P. (12.6.9)

The substitution of Eqs. (12.6.9) and (12.6.7) into Eq. (12.6.8) gives

Ṗ = Λ · ·
(
Ḟ∗ · Fp

)
− Fp−1 · Ḟp ·P. (12.6.10)

On the other hand, by differentiating the multiplicative decomposition

F = F∗ · Fp, the rate of deformation gradient is

Ḟ = Ḟ∗ · Fp + F∗ · Ḟp. (12.6.11)

Using this, Eq. (12.6.10) can be rewritten as

Ṗ = Λ · ·
(
Ḟ− F∗ · Ḟp

)
− Fp−1 · Ḟp ·P, (12.6.12)

i.e.,

Ṗ = Λ · ·
[
Ḟ− F∗ · Ḟp −M · ·

(
Fp−1 · Ḟp ·P

)]
. (12.6.13)



From Eq. (12.6.13) we identify the plastic part of the rate of deformation

gradient as

(Ḟ)p = F∗ · Ḟp + M · ·
(
Fp−1 · Ḟp ·P

)
. (12.6.14)

The remaining part of the rate of deformation gradient Ḟ is the elastic part,

(Ḟ)e = Ḟ∗ · Fp −M · ·
(
Fp−1 · Ḟp ·P

)
, (12.6.15)

complying with the definition (12.6.2).

Equation (12.6.13) also serves to identify the elastic and plastic parts of

the rate of nominal stress. These are

(Ṗ)e = Λ · · Ḟ, (12.6.16)

(Ṗ)p = −
[
Fp−1 · Ḟp ·P + Λ · ·

(
F∗ · Ḟp

)]
, (12.6.17)

such that

Ṗ = (Ṗ)e + (Ṗ)p. (12.6.18)

Evidently, by comparing Eqs. (12.6.14) and (12.6.17), there is a relationship

between the plastic parts

(Ṗ)p = −Λ · · (Ḟ)p. (12.6.19)

To express the plastic parts of the rate of nominal stress and deformation

gradient in terms of the slip rates γ̇α, Eq. (12.1.5) is first rewritten as

Ḟp =
n∑
α=1

γ̇α (sα0 ⊗mα
0 ) · Fp. (12.6.20)

Upon substitution into Eq. (12.6.14), the plastic part of the rate of defor-

mation gradient becomes

(Ḟ)p =
n∑
α=1

Aα γ̇α, (12.6.21)

where

Aα = (sα ⊗mα) · F + M · · F−1 · (sα ⊗mα) · F ·P. (12.6.22)

The plastic part of the rate of nominal stress is then

(Ṗ)p = −
n∑
α=1

Bα γ̇α, (12.6.23)

where

Bα = Λ · · Aα = F−1 · (sα ⊗mα) · F ·P + Λ · · (sα ⊗mα) · F. (12.6.24)



Relationship between (Ṗ)p and (Ṫ)p

The relationship between the plastic parts of the rate of nominal and sym-

metric Piola–Kirchhoff stress,

(Ṗ)p = Ṗ−Λ · · Ḟ, (12.6.25)

(Ṫ)p = Ṫ−Λ(1) : Ė, (12.6.26)

can be derived as follows. First, we recall that

KKK · · Ḟ = Ė, KKKT : T = T · FT = P, (12.6.27)

and

Λ = KKKT : Λ(1) : KKK + TTT , (12.6.28)

Ṗ = KKKT : Ṫ + TTT · · Ḟ. (12.6.29)

The rectangular components of the fourth-order tensors KKK and TTT are

Kijkl =
1
2

(δikFlj + δjkFli) , Tijkl = Tikδjl. (12.6.30)

Taking a trace product of Eq. (12.6.26) with KKKT from the left gives

(Ṗ)p = KKKT : (Ṫ)p. (12.6.31)

Furthermore, since

(Ṗ)p = −Λ · · (Ḟ)p, (Ṫ)p = −Λ(1) : (Ė)p, (12.6.32)

we obtain

(Ḟ)p = M · · KKKT : Λ(1) : (Ė)p. (12.6.33)

It is noted that

Ḟ · · (Ṗ)p = Ė : (Ṫ)p. (12.6.34)

This follows by taking a trace product of Eq. (12.6.25) with Ḟ from the left,

and by using Eqs. (12.6.27)–(12.6.29). If crystalline behavior is in accord

with Ilyushin’s postulate of the positive net work in a cycle of strain that

involves plastic slip, the quantity in (12.6.34) must be negative. On the other

hand,

Ṗ · · (Ḟ)p = Ṫ : (Ė)p. (12.6.35)

Finally, having in mind that

(Ṗ)p = −
n∑
α=1

Bα γ̇α, (Ṫ)p = −
n∑
α=1

Cα0 γ̇
α, (12.6.36)



we obtain from Eq. (12.6.31)

Bα = KKKT : Cα0 . (12.6.37)

This relationship can be verified by using Eqs. (12.4.10) and (12.6.24), which

explicitly specify the tensors Cα0 and Bα, and by performing a trace product

of KKKT with Cα0 . In the derivation, it is helpful to use the property of KKK in

the trace operation with a second-order tensor A, i.e.,

KKKT · · A =
1
2

(A + AT ) · FT . (12.6.38)

In addition, we note that

F−1 ·PT · FT = P, (12.6.39)

Pα0 = KKK · · (sα ⊗mα) · F, (12.6.40)

TTT · · (sα ⊗mα) · F = P · (mα ⊗ sα) . (12.6.41)

12.7. Generalized Schmid Stress and Normality

For the rate-independent materials it is commonly assumed that plastic flow

occurs on a slip system when the resolved shear stress (Schmid stress) on

that system reaches the critical value (e.g., Schmid and Boas, 1968)

τα = ταcr. (12.7.1)

In the finite strain context, τα can be defined as the work conjugate to slip

rate γ̇α, such that
n∑
α=1

τα γ̇α = T :
n∑
α=1

Pα0 γ̇
α = τ :

n∑
α=1

Pα γ̇α. (12.7.2)

Therefore,

τα = Pα0 : T = Pα : τ. (12.7.3)

This definition of τα will be referred to as the generalized Schmidt stress,

τα = s · τ ·m. (12.7.4)

With so defined τα, we prove that the plastic part of the strain rate

(Ė)p lies within a pyramid of outward normals to the yield surface at T,

each normal being associated with an active slip system (Rice, 1971; Hill

and Rice, 1972; Havner, 1982,1992). For example, for f.c.c. crystals the

yield surface consists of 24 hyperplanes, forming a polyhedron within which



the response is purely elastic. The direction of the normal to the yield plane

τα = ταcr at T is determined from
∂τα

∂T
= Pα0 +

∂Pα0
∂T

: T = Pα0 +
∂Pα0
∂E

: M(1) : T. (12.7.5)

From Eq. (12.1.25) it follows that, at fixed slips (fixed Fp),

T :
∂Pα0
∂E

= Zα0 ·T + T · ZαT0 . (12.7.6)

The substitution into Eq. (12.7.5) gives
∂τα

∂T
= Pα0 + M(1) :

(
Zα0 ·T + T · Zα0 T

)
. (12.7.7)

Comparison with Eq. (12.5.21) confirms the normality property

(Ė)p =
n∑
α=1

∂τα

∂T
γ̇α. (12.7.8)

This also shows that the contribution to (Ė)p due to individual slip rate

γ̇α is governed by the gradient ∂τα/∂T of the corresponding resolved shear

stress τα. Equation (12.7.8) can be rewritten as

(Ė)p =
∂

∂T

n∑
α=1

(τα γ̇α), (12.7.9)

with understanding that the partial differentiation is performed at fixed Fp

and γ̇α. Relation (12.7.9) states that
∑

(τα γ̇α) acts as the plastic potential

for (Ė)p over an elastic domain in the stress T space (Havner, 1992).

Dually, in strain space we have
∂τα

∂E
= Λ(1) : Pα0 +

∂Pα0
∂E

: T, (12.7.10)

i.e.,
∂τα

∂E
= Λ(1) : Pα0 + Zα0 ·T + T · Zα0 T . (12.7.11)

The right-hand side is equal to Cα0 of Eq. (12.4.10). Thus, in view of (12.5.2),

we establish the normality property

(Ṫ)p = −
n∑
α=1

∂τα

∂E
γ̇α. (12.7.12)

The contribution to (Ṫ)p due to individual slip rate γ̇α is governed by the

gradient ∂τα/∂E of the corresponding resolved shear stress τα. Equation

(12.7.12) can be rewritten as

(Ṫ)p = − ∂

∂E

n∑
α=1

(τα γ̇α), (12.7.13)



again with understanding that the partial differentiation is performed at

fixed Fp and γ̇α. Relation (12.7.13) states that −∑
(τα γ̇α) acts as the

plastic potential for (Ṫ)p over an elastic domain in the strain E space.

The normality, here proved relative to the conjugate measures E and

T, holds with respect to any other conjugate measures of stress and strain

(e.g., Hill and Havner, 1982). Deviations from the normality arise when τα

in Eq. (12.7.1) is defined to be other than the generalized Schmid stress

of Eq. (12.7.3). The resulting non-normality enhances a tendency toward

localization of deformation, as discussed in a general context in Chapter 10.

Indeed, in their study of strain localization in ductile crystals deforming by

single slip, Asaro and Rice (1977) showed that the critical hardening rate for

the onset of localization may be positive when the non-Schmid effects are

present, i.e., when the stress components other than the resolved shear stress

affect the slip. In contrast, when the slip is governed by the resolved shear

stress only, the critical hardening rate for the onset of localization must be

either negative or zero (i.e., ideally-plastic or strain softening state must be

reached for the localization). The non-Schmid effects will not be further con-

sidered in this chapter. The reviews by Asaro (1983b) and Bassani (1993),

and the book by Havner (1992) can be consulted. See also the papers by

Qin and Bassani (1992a,b), Dao and Asaro (1996), and Brünig and Obrecht

(1998).

Normality Rules for (Ḟ)p and (Ṗ)p

If the nominal stress is used to express the resolved shear stress τα, the rate

of work can be written as

P · · Ḟ = P · ·
(
Ḟ∗ · Fp + F∗ · Ḟp

)
. (12.7.14)

The part associated with Ḟp is the rate of slip work, i.e.,

n∑
α=1

τα γ̇α = P · ·
(
F∗ · Ḟp

)
. (12.7.15)

Substituting Eq. (12.6.20) for Ḟp gives

n∑
α=1

τα γ̇α = P · ·
n∑
α=1

F∗ · (sα0 ⊗mα
0 ) · Fp γ̇α. (12.7.16)



From this we identify the generalized resolved shear stress in terms of the

nominal stress,

τα = P · ·
[
F · Fp−1 · (sα0 ⊗mα

0 ) · Fp
]
. (12.7.17)

It is easily verified that τα given by Eq. (12.7.17) is equal to τα of Eq.

(12.7.3).

The direction of the normal to the yield plane τα = ταcr at P is deter-

mined from the gradient ∂τα/∂P. This is, by Eq. (12.7.17),

∂τα

∂P
= F · Fp−1 · (sα0 ⊗mα

0 ) · Fp + M · ·
[
Fp−1 · (sα0 ⊗mα

0 ) · Fp ·P
]
,

(12.7.18)

i.e.,
∂τα

∂P
= (sα ⊗mα) · F + M · · F−1 · (sα ⊗mα) · F ·P. (12.7.19)

The right-hand side is equal to Aα of Eq. (12.6.22), so that

∂τα

∂P
= Aα. (12.7.20)

Thus, in view of (12.6.21), we establish the normality property for the plastic

part of the rate of deformation gradient,

(Ḟ)p =
n∑
α=1

∂τα

∂P
γ̇α. (12.7.21)

Equation (12.7.21) can be rewritten as

(Ḟ)p =
∂

∂P

n∑
α=1

(τα γ̇α), (12.7.22)

with the partial differentiation performed at fixed Fp and γ̇α. This states

that
∑

(τα γ̇α) acts as the plastic potential for (Ḟ)p over an elastic domain

in P space.

Dually, by taking the gradient of (12.7.17) with respect to F, we obtain

∂τα

∂F
= Λ · ·

[
F · Fp−1 · (sα0 ⊗mα

0 ) · Fp
]
+ Fp−1 · (sα0 ⊗mα

0 ) · Fp ·P.
(12.7.23)

The right-hand side is equal to Bα of Eq. (12.6.24). Thus, in view of

(12.6.23), we establish the normality property for the plastic part of the rate

of nominal stress,

(Ṗ)p = −
n∑
α=1

∂τα

∂F
γ̇α. (12.7.24)



Alternatively,

(Ṗ)p = − ∂

∂F

n∑
α=1

(τα γ̇α) , (12.7.25)

with understanding that the partial differentiation is performed at fixed Fp

and γ̇α. Relation (12.7.25) states that −∑
(τα γ̇α) acts as the plastic po-

tential for (Ṗ)p over an elastic domain in F space.

12.8. Rate of Plastic Work

In the previous section we defined the rate of slip work by

ẇslip =
n∑
α=1

τα γ̇α . (12.8.1)

This invariant quantity is not equal to T · · (Ė)p, nor P · · (Ḟ)p. It is of

interest to elaborate on the relationships between ẇslip and these latter work

quantities. First, from Eqs. (12.4.10) and (12.5.9) we express the rate of

plastic work, associated with the plastic part of strain rate (Ė)p, as

T : (Ė)p = T :
n∑
α=1

Gα
0 γ̇

α

= T : M(1) :
n∑
α=1

(
Λ(1) : Pα0 + Zα0 ·T + T · ZαT0

)
γ̇α .

(12.8.2)

Comparing with Eq. (12.7.2), i.e.,
n∑
α=1

τα γ̇α = T :
n∑
α=1

Pα0 γ̇
α , (12.8.3)

we establish the relationship

T : (Ė)p =
n∑
α=1

τα γ̇α + T : M(1) :
n∑
α=1

(
Zα0 ·T + T · ZαT0

)
γ̇α . (12.8.4)

Similarly, from Eqs. (12.6.21) and (12.6.22), we can express the rate of

plastic work, associated with the plastic part of rate of deformation tensor

(Ḟ)p, as

P · · (Ḟ)p = P · ·
n∑
α=1

Aα γ̇α

= P · ·
n∑
α=1

[
M · ·F−1 · (Pα + Qα) · F ·P + (Pα + Qα) · F

]
γ̇α .

(12.8.5)



Since, from Eq. (12.7.16),
n∑
α=1

τα γ̇α = P · ·
n∑
α=1

(Pα + Qα) · F γ̇α , (12.8.6)

we obtain

P · · (Ḟ)p =
n∑
α=1

τα γ̇α + P · ·M · ·
n∑
α=1

F−1 · (Pα + Qα) · F ·P γ̇α .

(12.8.7)

The plastic work quantities P · · (Ḟ)p and T : (Ḟ)p are not equal to each

other. Recalling that P = T : KKK, and by using Eq. (12.6.33), we have the

connection

P · · (Ḟ)p = T :
[
KKK · ·M · · KKKT : Λ(1)

]
: (Ė)p. (12.8.8)

The inequality

P · · (Ḟ)p = T : (Ė)p (12.8.9)

is physically clear, because P and T do not cycle simultaneously in the

deformation cycle involving plastic slip, since cycling P does not cycle T,

and vice versa.

Expressed in terms of the increments, we can write

P · · (dF−M · ·dP) = T : (dE−M(1) : dT). (12.8.10)

We also recall that the increment of plastic work T : dpE is not invariant

under the change of strain and conjugate stress measure (again because

different stress measures do not cycle simultaneously).

Second-Order Work Quantities

The analysis of the relationship between the first- and second-order plastic

work quantities, defined by P · ·dpF and dP · ·dpF, or by T : dpE and

dT : dpE, can be pursued further. From the basic work identity

P · ·dF = T : dE, (12.8.11)

and from the partition of the increments of deformation gradient and strain

tensor into their elastic and plastic parts, we have

P · ·dpF + P · ·M · ·dP = T · ·dpE + T · ·M(1) · ·dT, (12.8.12)

i.e.,

P · ·dpF = T : dpE + T : M(1) : dT−P · ·M · ·dP. (12.8.13)



By eliminating P in terms of T, this can be rewritten as

P · ·dpF = T : dpE + T :
(
M(1) −KKK · ·M · · KKKT

)
: dT. (12.8.14)

This is an explicit relationship between the first-order quantities P · ·dpF

and T : dpE.

Regarding the second-order work contribution, we proceed from

dP · ·dpF = dP · ·dF− dP · ·M · ·dP. (12.8.15)

By substituting

dP = dT : KKK + TTT · ·dF, dE = KKK · ·dF, (12.8.16)

and by using the decomposition of dE into its elastic and plastic parts, there

follows

dP · ·dpF = dT : dpE + dT : M(1) : dT− dP · ·M · ·dP + dF · ·TTT · ·dF.
(12.8.17)

This relates the second-order work quantities dP · ·dpF and dT : dpE.

For completeness of the analysis, we record two more formulas. The first

one is

F · ·dpP = F · ·
(
KKKT : dpT

)
= C : dpT, (12.8.18)

where

C = FT · F = KKK · ·F = F · KKKT . (12.8.19)

The second formula is

dF · ·dpP = F · ·
(
KKKT : dpT

)
= dE : dpT, (12.8.20)

where

dE = KKK · ·dF = dF · KKKT . (12.8.21)

These formulas demonstrate the invariance of C : dpT and dE : dpT under

the change of the strain measure E and its conjugate stress T (because

F · ·dpP and dF : dpP are independent of these measures).

The second-order quantity in Eq. (12.8.20) is proportional to the net

expenditure of work in a cycle (application and removal) of dF, which is by

the trapezoidal rule of quadrature

−1
2

dF · ·dpP = −1
2

dE : dpT. (12.8.22)



12.9. Hardening Rules and Slip Rates

The rate of change of the critical value of the resolved shear stress on a given

slip system is defined by the hardening law

τ̇αcr =
n0∑
β=1

hαβ γ̇
β , α = 1, 2, . . . , N, (12.9.1)

where N is the total number of all available slip systems, and n0 is the

number of critical (potentially active) slip systems, for which

τα = ταcr . (12.9.2)

The coefficients hαβ are the slip-plane hardening rates (moduli). The moduli

corresponding to α = β represent the self-hardening on a given slip system,

while α = β moduli represent the latent hardening. When α > n0, β ≤
n0, the moduli represent latent hardening of the noncritical systems. The

hardening moduli hαβ can be formally defined for n0 < β ≤ N , but their

values are irrelevant since the corresponding γ̇β are always zero.

The consistency condition for the slip on the critical system α is

τ̇α =
n∑
β=1

hαβ γ̇
β , γ̇α > 0. (12.9.3)

The number of active slip systems is n, and the corresponding slips are

labeled by γ̇1, γ̇2, . . . , γ̇n. If the critical system becomes inactive,

τ̇α ≤
n∑
β=1

hαβ γ̇
β , γ̇α = 0. (12.9.4)

Equality sign applies only if the system remains critical (τ̇α = τ̇αcr). For a

noncritical system,

τα < ταcr , γ̇α = 0. (12.9.5)

The rate of the generalized Schmid stress is obtained by differentiation

from Eq. (12.7.3), i.e., either from

τ̇α = Ṗα0 : T + Pα0 : Ṫ, (12.9.6)

or

τ̇α = Ṗα : τ + Pα : τ̇. (12.9.7)



If Eq. (12.9.6) is used, from Eq. (12.1.30) we find

Ṗα0 : T =
(
Zα0 ·T + T · Zα0 T

)
:
(
FpT · Ė∗ · Fp

)

+
n∑
β=1

Pα0 :
(
Zβ0 ·T + T · Zβ0 T

)
γ̇β .

(12.9.8)

Since, from Eq. (12.2.17),

Pα0 : Ṫ = Pα0 :
(
Fp−1 · Ṫ∗ · Fp−T

)
−

n∑
β=1

Pα0 :
(
Zβ0 ·T + T · Zβ0 T

)
γ̇β ,

(12.9.9)

the substitution into Eq. (12.9.6) gives

τ̇α = Pα0 :
(
Fp−1 · Ṫ∗ · Fp−T

)
+

(
Zα0 ·T + T · Zα0 T

)
:
(
FpT · Ė∗ · Fp

)
.

(12.9.10)

Recalling that

Ṫ∗ = Λ∗
(1) : Ė∗ =

(
Fp Fp Λ(1) FpT FpT

)
: Ė∗, (12.9.11)

there follows

τ̇α =
(
Λ(1) : Pα0 + Zα0 ·T + T · Zα0 T

)
:
(
FpT · Ė∗ · Fp

)
. (12.9.12)

Thus, in view of Eq. (12.4.10), we have

τ̇α = Cα0 :
(
FpT · Ė∗ · Fp

)
, (12.9.13)

which is a desired expression for the rate of the generalized Schmid stress.

The expression for τ̇α can also be obtained by starting from Eq. (12.9.7).

First, Eq. (12.1.16) gives

Ṗα : τ = (D∗ ·Qα −Qα ·D∗) : τ + (W∗ ·Pα −Pα ·W∗) : τ. (12.9.14)

By using Eq. (12.2.11), we obtain

Pα : τ̇ = Pα :
•
τ− (W∗ ·Pα −Pα ·W∗) : τ. (12.9.15)

The substitution into Eq. (12.9.7) then gives

τ̇α = Pα :
•
τ + (D∗ ·Qα −Qα ·D∗) : τ. (12.9.16)

Since
•
τ = LLL(0) : D∗ by Eq. (12.3.8), there follows

τ̇α =
(
LLL(0) : Pα + Qα · τ− τ ·Qα

)
: D∗. (12.9.17)

Consequently, in view of Eq. (12.4.5), we have

τ̇α = Cα : D∗. (12.9.18)



This parallels the previously derived expression (12.9.13). Recalling the

relationship between Cα and Cα0 , and between D∗ and Ė∗, it is readily

verified that the two expressions are equivalent.

When Eq. (12.1.22) is substituted into Eq. (12.9.13) to eliminate the

term FpT · Ė∗ · Fp, or when Eq. (12.1.12) is substituted into Eq. (12.9.18)

to eliminate D∗, we obtain

τ̇α = Cα0 : Ė−
n∑
β=1

Cα0 : Pβ0 γ̇
β , (12.9.19)

τ̇α = Cα : D−
n∑
β=1

Cα : Pβ γ̇β . (12.9.20)

Combining with Eq. (12.9.3) yields

Cα0 : Ė =
n∑
β=1

(
hαβ + Cα0 : Pβ0

)
γ̇β , (12.9.21)

Cα : D =
n∑
β=1

(
hαβ + Cα : Pβ

)
γ̇β . (12.9.22)

Since

Cα = F ·Cα0 · FT , D = F−T · Ė · F−1, (12.9.23)

there is a connection

Cα0 : Ė = Cα : D, (12.9.24)

and from Eqs. (12.9.21) and (12.9.22) we deduce the identity

Cα0 : Pβ0 = Cα : Pβ . (12.9.25)

This also follows directly from

Cα0 = F−1 ·Cα · F−T , Pβ0 = FT ·Pβ · F. (12.9.26)

Therefore, by introducing the matrix with components

gαβ = hαβ + Cα0 : Pβ0 = hαβ + Cα : Pβ , (12.9.27)

equations (12.9.21) and (12.9.22) reduce to

Cα0 : Ė = Cα : D =
n∑
β=1

gαβ γ̇
β , γ̇α > 0. (12.9.28)

If the α system is inactive (τ̇α ≤ τ̇αcr), we have

Cα0 : Ė = Cα : D ≤
n∑
β=1

gαβ γ̇
β , γ̇α = 0. (12.9.29)



Suppose that the matrix with components gαβ is nonsingular, so that

the inverse matrix whose components are designated by g−1
αβ exists. Equation

(12.9.28) can then be solved for the slip rates to give

γ̇α =
n∑
β=1

g−1
αβ Cβ0 : Ė =

n∑
β=1

g−1
αβ Cβ : D. (12.9.30)

After substitution into Eq. (12.5.2), the plastic parts of the corresponding

stress rates become

◦
τ p =

�
τ p = −

n∑
α=1

n∑
β=1

g−1
αβ

(
Cα ⊗Cβ

)
: D, (12.9.31)

(Ṫ)p = −
n∑
α=1

n∑
β=1

g−1
αβ

(
Cα0 ⊗Cβ0

)
: Ė. (12.9.32)

Combining with the elastic parts, defined by Eq. (12.5.1), finally yields

◦
τ =


LLL(0) −

n∑
α=1

n∑
β=1

g−1
αβ Cα ⊗Cβ


 : D, (12.9.33)

�
τ =


LLL(1) −

n∑
α=1

n∑
β=1

g−1
αβ Cα ⊗Cβ


 : D, (12.9.34)

Ṫ =


Λ(1) −

n∑
α=1

n∑
β=1

g−1
αβ Cα0 ⊗Cβ0


 : Ė. (12.9.35)

These are alternative representations of the constitutive structure for elasto-

plastic deformation of single crystals. The fourth-order tensors within the

brackets are the crystalline elastoplastic moduli tensors.

12.10. Uniqueness of Slip Rates for Prescribed Strain Rate

Hill and Rice (1972) have shown that, for a prescribed rate of deformation,

sufficient condition for the unique set of slip rates γ̇α is that the matrix with

components gαβ , over all n0 critical systems, is positive definite. In proof,

denote by

∆γ̇α = γ̇α − ˙̄γα (α = 1, 2, . . . , n0) (12.10.1)

the difference between the slip rates in two different slip modes, both at

the same stress and hardening state, one being associated with the rate of



deformation D and the other with D̄. From Eq. (12.5.2), then,

−∆(
◦
τ p) =

n0∑
α=1

Cα∆γ̇α, (12.10.2)

and

−∆(
◦
τ p) : ∆D =

n0∑
α=1

(Cα : ∆D) ∆γ̇α, (12.10.3)

where

∆D = D− D̄. (12.10.4)

If the slip system α is active in both modes,

Cα : D−
n0∑
β=1

gαβ γ̇
β = 0, γ̇α > 0, (12.10.5)

Cα : D̄−
n0∑
β=1

gαβ ˙̄γβ = 0, ˙̄γα > 0. (12.10.6)

Consequently, in this case

Cα : ∆D−
n0∑
β=1

gαβ ∆γ̇β = 0, (12.10.7)

and, upon multiplication with ∆γ̇α,

(Cα : ∆D) ∆γ̇α =
n0∑
β=1

gαβ ∆γ̇α∆γ̇β . (12.10.8)

If the slip system α is active in the first mode, but inactive in the second

mode, i.e.,

Cα : D−
n0∑
β=1

gαβ γ̇
β = 0, γ̇α > 0, (12.10.9)

Cα : D̄−
n0∑
β=1

gαβ ˙̄γβ ≤ 0, ˙̄γα = 0, (12.10.10)

then

Cα : ∆D−
n0∑
β=1

gαβ ∆γ̇β ≥ 0, ∆γ̇α > 0. (12.10.11)

Thus, upon multiplication with ∆γ̇α,

(Cα : ∆D) ∆γ̇α ≥
n0∑
β=1

gαβ ∆γ̇α∆γ̇β . (12.10.12)



Inequality (12.10.12) also holds in the case when α system is active in the

second and inactive in the first mode, since then, in place of (12.10.11),

Cα : ∆D−
n0∑
β=1

gαβ ∆γ̇β ≤ 0, ∆γ̇α < 0. (12.10.13)

Finally, if the slip system α is inactive in both modes,

(Cα : ∆D) ∆γ̇α =
n0∑
β=1

gαβ ∆γ̇α∆γ̇β , (12.10.14)

because ∆γ̇α = 0. Therefore, (12.10.12) covers all cases, since either = or >

sign applies. Summing over all critical systems gives
n0∑
α=1

(Cα : ∆D) ∆γ̇α ≥
n0∑
α=1

n0∑
β=1

gαβ ∆γ̇α∆γ̇β . (12.10.15)

From (12.10.15) we deduce that the positive definiteness of the matrix gαβ

is a sufficient condition for the unique slip rates γ̇α under prescribed D.

Indeed, for a prescribed rate of deformation, the difference ∆D = 0, and if

gαβ is positive definite, (12.10.15) can be satisfied only when ∆γ̇α = 0, for

all α.

The positive definiteness of the matrix gαβ depends sensitively on the

hardening moduli, stress state and the number and orientation of critical

slip systems. The uniqueness is generally not guaranteed, particularly with

higher rates of latent hardening (Hill, 1966; Hill and Rice, 1972; Havner,

1982; Asaro, 1983b; Franciosi and Zaoui, 1991).

12.11. Further Analysis of Constitutive Equations

Another route toward elastoplastic constitutive equations of single crystals

is to proceed from

τ̇α = Cα : D∗ = Cα :MMM(0) :
•
τ, (12.11.1)

i.e.,

τ̇α = Hα :
•
τ, Hα = Cα :MMM(0) =MMM(0) : Cα. (12.11.2)

Since from Eqs. (12.2.14) and (12.4.5),

•
τ =

◦
τ +

n∑
β=1

(
Cβ −LLL(0) : Pβ

)
γ̇β , (12.11.3)



Equation (12.11.2) becomes

τ̇α = Hα :
◦
τ +

n∑
β=1

(
Hβ −Pβ

)
γ̇β . (12.11.4)

On an active slip system this must be equal to

τ̇α =
n∑
β=1

hαβ γ̇
β , (12.11.5)

which gives

Hα :
◦
τ =

n∑
β=1

aαβ γ̇
β , γ̇α > 0, (12.11.6)

where

aαβ = hαβ + Cα :
(
Pβ −Hβ

)
= gαβ −Cα : Hβ . (12.11.7)

When a slip system is inactive,

Hα :
◦
τ ≤

n∑
β=1

aαβ γ̇
β , γ̇α = 0. (12.11.8)

If the inverse matrix, whose components are designated by a−1
αβ , exists,

Eq. (12.11.6) can be solved for the slip rates in terms of the stress rate as

γ̇α =
n∑
β=1

a−1
αβ Hβ :

◦
τ. (12.11.9)

Substituting this into the first of equations (12.5.9) gives

Dp
(0) =

n∑
α=1

n∑
β=1

a−1
αβ

(
Hα ⊗Hβ

)
:
◦
τ. (12.11.10)

Combining with the elastic part, defined by Eq. (12.5.8), yields the consti-

tutive equation for the elastoplastic loading of a single crystal,

D =


MMM(0) +

n∑
α=1

n∑
β=1

a−1
αβ Hα ⊗Hβ


 :

◦
τ. (12.11.11)

The fourth-order tensor within the brackets is the crystalline elastoplastic

compliances tensor.

If the convected rate of stress is used, we have

Gα :
�
τ =

n∑
β=1

bαβ γ̇
β , (12.11.12)

where

bαβ = hαβ + Cα :
(
Pβ −Gβ

)
= gαβ −Cα : Gβ , (12.11.13)



and

Gα
0 : Ṫ =

n∑
β=1

b0αβ γ̇
β , γ̇α > 0. (12.11.14)

Here,

b0αβ = hαβ + Cα0 :
(
Pβ0 −Gβ

0

)
= gαβ −Cα0 : Gβ

0 . (12.11.15)

However, the identity holds

Cα0 : Gβ
0 = Cα : Gβ , (12.11.16)

because

Cα0 = F−1 ·Cα · F−T , Gβ
0 = FT ·Gβ · F, (12.11.17)

and, consequently,

b0αβ = bαβ . (12.11.18)

This is also clear from Eqs. (12.11.12) and (12.11.14), and the identity

Gα
0 : Ṫ = Gα :

�
τ . (12.11.19)

If bαβ has an inverse matrix whose components are denoted by b−1
αβ , the

slip rates can be determined from

γ̇α =
n∑
β=1

b−1
αβ Gβ :

�
τ =

n∑
β=1

b−1
αβ Gβ

0 : Ṫ. (12.11.20)

When Eq. (12.11.20) is substituted into (12.5.9), there follows

Dp
(1) =

n∑
α=1

n∑
β=1

b−1
αβ

(
Gα ⊗Gβ

)
:
�
τ , (12.11.21)

(Ė)p =
n∑
α=1

n∑
β=1

b−1
αβ

(
Gα

0 ⊗Gβ
0

)
: Ṫ. (12.11.22)

Combining with the elastic parts of Eq. (12.5.8) finally gives

D =


MMM(1) +

n∑
α=1

n∑
β=1

b−1
αβ Gα ⊗Gβ


 :

�
τ , (12.11.23)

Ė =


M(1) +

n∑
α=1

n∑
β=1

b−1
αβ Gα

0 ⊗Gβ
0


 : Ṫ. (12.11.24)

These constitutive equations complement the previously derived constitutive

equation (12.11.11), which was expressed in terms of the Jaumann rate of

the Kirchhoff stress.



12.12. Uniqueness of Slip Rates for Prescribed Stress Rate

The uniqueness of the set of slip rates for the prescribed stress rate has to be

examined separately for each selection of the strain and its conjugate stress

measure. This is because the moduli aαβ and bαβ are different, while the

moduli gαβ used in the proof given in Section 12.10 were measure invariant.

Consequently, let us examine the uniqueness of γ̇α when Ṫ is prescribed.

Denote again by ∆γ̇α = γ̇α− ˙̄γα (α = 1, 2, . . . , n0) the difference between the

slip rates in two different slip modes, both at the same stress and hardening

state. One mode is associated with the rate of stress Ṫ and the other with
˙̄T. From Eq. (12.5.9) we have

∆(Ė)p =
n0∑
α=1

Gα
0 ∆γ̇α, (12.12.1)

and

∆(Ė)p : ∆Ṫ =
n0∑
α=1

(
Gα

0 : ∆Ṫ
)

∆γ̇α, (12.12.2)

where

∆Ṫ = Ṫ− ˙̄T. (12.12.3)

If the slip system α is active in both modes,

Gα
0 : Ṫ−

n0∑
β=1

bαβ γ̇
β = 0, γ̇α > 0, (12.12.4)

Gα
0 : ˙̄T−

n0∑
β=1

bαβ ˙̄γβ = 0, ˙̄γα > 0. (12.12.5)

In this case,

Gα
0 : ∆Ṫ−

n0∑
β=1

bαβ ∆γ̇β = 0, (12.12.6)

and, upon multiplication with ∆γ̇α,(
Gα

0 : ∆Ṫ
)

∆γ̇α =
n0∑
β=1

bαβ ∆γ̇α∆γ̇β . (12.12.7)

If the slip system α is active in the first mode, but inactive in the second

mode, i.e.,

Gα
0 : Ṫ−

n0∑
β=1

bαβ γ̇
β = 0, γ̇α > 0, (12.12.8)



Gα
0 : ˙̄T−

n0∑
β=1

bαβ ˙̄γβ ≤ 0, ˙̄γα = 0, (12.12.9)

then

Gα
0 : ∆Ṫ−

n0∑
β=1

bαβ ∆γ̇β ≥ 0, ∆γ̇α > 0. (12.12.10)

Thus, upon multiplication with ∆γ̇α,(
Gα

0 : ∆Ṫ
)

∆γ̇α ≥
n0∑
β=1

bαβ ∆γ̇α∆γ̇β . (12.12.11)

Inequality (12.12.11) also holds in the case when α system is active in the

second and inactive in the first mode, since then, in place of (12.12.10),

Gα
0 : ∆Ṫ−

n0∑
β=1

bαβ ∆γ̇β ≤ 0, ∆γ̇α < 0. (12.12.12)

Finally, if the slip system α is inactive in both modes,(
Gα

0 : ∆Ṫ
)

∆γ̇α =
n0∑
β=1

bαβ ∆γ̇α∆γ̇β , (12.12.13)

because ∆γ̇α = 0. Therefore, (12.12.11) encompasses all cases, since either

= or > sign applies. Summing over all critical systems, therefore, gives
n0∑
α=1

(
Gα

0 : ∆Ṫ
)

∆γ̇α ≥
n0∑
α=1

n0∑
β=1

bαβ ∆γ̇α∆γ̇β . (12.12.14)

From (12.12.14) we deduce that the positive definiteness of the matrix bαβ is

a sufficient condition for the unique slip rates γ̇α under prescribed Ṫ. Indeed,

for a prescribed stress rate, the difference ∆Ṫ = 0, and if bαβ is positive

definite, the inequality (12.12.14) can be satisfied only when ∆γ̇α = 0, for

all α. The same applies if the stress rate
�
τ is used (

�
τ is proportional to Ṫ,

if current configuration is taken for the reference). By an analogous prove,

when the stress rate
◦
τ is prescribed (

◦
τ is proportional to the rate of stress

conjugate to logarithmic strain, when the current configuration is taken as

the reference), the slip rates γ̇α are guaranteed to be unique if the matrix

with component aαβ is positive definite.

Finally, we note that, from Eqs. (12.5.10), (12.11.7) and (12.11.13),

gαβ = aαβ + Cα :MMM(0) : Cβ

= bαβ + Cα :MMM(1) : Cβ = bαβ + Cα0 : M(1) : Cβ0 .
(12.12.15)



Figure 12.3. (a) The yield cone in stress space. Indicated
also are prolongation of the yield cone and the cone of fully
active range associated with the directions of stress rate for
which all segments of the yield cone are active. (b) The
plastic cone defining the range of possible directions of the
plastic rate of strain.

Thus, if aαβ is positive definite, positive definiteness of gαβ is ensured if

MMM(0) is positive definite. Likewise, if bαβ is positive definite, the positive

definiteness of gαβ is ensured if MMM(1) or, equivalently, M(1) is positive defi-

nite.

12.13. Fully Active or Total Loading Range

Suppose that the yield vertex in stress space T is a pyramid formed by n0

intersecting hyperplanes corresponding to n0 potentially active slip systems.

The range of directions of the stress rate Ṫ for which all n0 vertex segments

are active (slip takes place on all n0 slip systems) is defined by n0 inequalities

n0∑
β=1

b−1
αβ Gβ

0 : Ṫ > 0, α = 1, 2, . . . , n0. (12.13.1)

These follow from (12.11.14) and the requirement that all slip rates are

positive (the matrix with components bαβ is assumed to be positive definite).

The corresponding range of the stress rate space is referred to as the fully
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active or total loading range (Fig. 12.3a). The terminology is borrowed from

Hill (1966) for fully active, and from Sanders (1955) for total loading range.

The elastic unloading takes place on all slip systems if Ṫ falls within the

range

Gα
0 : Ṫ ≤ 0, α = 1, 2, . . . , n0, (12.13.2)

which is the boundary or the interior of the pyramidal yield vertex. The

outward normal to α segment of the vertex is codirectional with Gα
0 . The

remainder of the stress rate space is dissected into(
n0

1

)
+

(
n0

2

)
+ · · ·+

(
n0

n0 − 1

)
= 2n0 − 2 (12.13.3)

pyramidal regions of partial loading (n0 ≥ 2). For example, there are n0

pyramidal regions of single slip, and n0(n0−1)/2 pyramidal regions of double

slip. There are also n0 pyramidal regions of multislip over different sets of

(n0 − 1) slip systems.

As an illustration, consider a pyramidal region of double slip on the first

and second slip system (α = 1, 2). From Eq. (12.11.14) there follows

G1
0 : Ṫ = b11γ̇

1 + b12γ̇
2, G2

0 : Ṫ = b21γ̇
1 + b22γ̇

2, (12.13.4)

Gα
0 : Ṫ ≤ bα1γ̇

1 + bα2γ̇
2, 3 ≤ α ≤ n0. (12.13.5)

Since double slip is assumed to take place under prescribed Ṫ, the two

equations in (12.13.4) can be solved for the slip rates to give

γ̇1 =
1
∆

(b22G1
0 − b12G2

0) : Ṫ, γ̇2 =
1
∆

(b11G2
0 − b21G1

0) : Ṫ, (12.13.6)

where

∆ = b11b22 − b12b21 > 0. (12.13.7)

Thus, since γ̇1 > 0 and γ̇2 > 0, we have

(b22G1
0 − b12G2

0) : Ṫ > 0, (b11G2
0 − b21G1

0) : Ṫ > 0. (12.13.8)

Furthermore, if (12.13.6) is substituted into (12.13.5), there follows

[ (b11b22 − b12b21)Gα
0 + (bα2b21 − bα1b22)G1

0

+ (bα1b12 − bα2b11)G2
0

]
: Ṫ ≤ 0, 3 ≤ α ≤ n0.

(12.13.9)

The inequalities (12.13.8) and (12.13.9) define the pyramidal region of double

slip over slip systems 1 and 2 at the vertex formed by n0 ≥ 3 yield segments.



Similarly, the pyramidal region of single slip over the slip system 1 is

defined by the inequalities

G1
0 : Ṫ > 0, (b11Gα

0 − bα1G1
0) : Ṫ ≤ 0, 2 ≤ α ≤ n0. (12.13.10)

Fully active range and the two regions of single slip for the case n0 = 2 are

schematically shown in Fig. 12.4a.

If there is no latent hardening (hαβ = 0 for α = β), the fully active range

is just the prolongation of the yield vertex (prolongation cone in Fig. 12.3b).

Thus, a pyramidal region of double slip on the first and second slip system

(α = 1, 2) is defined by

G1
0 : Ṫ > 0, G2

0 : Ṫ > 0, Gα
0 : Ṫ ≤ 0, 3 ≤ α ≤ n0. (12.13.11)

The pyramidal region of single slip over the slip system 1 is similarly

G1
0 : Ṫ > 0, Gα

0 : Ṫ ≤ 0, 2 ≤ α ≤ n0. (12.13.12)

Fully active range and the two regions of single slip are in this case sketched

in Fig. 12.4b. With no latent hardening, the range of possible directions

for the plastic rate of deformation coincides with the fully active range. For

an analysis of elastic-plastic crystals characterized by a smooth yield surface

with rounded corners, see Gambin (1992).

12.14. Constitutive Inequalities

We first recall from Sections 12.5 and 12.9 that

Cα : D = Cα0 : Ė =
n∑
β=1

gαβ γ̇
β , (12.14.1)

and

◦
τ p =

�
τ p = −

n∑
α=1

Cα γ̇α, (Ṫ)p = −
n∑
α=1

Cα0 γ̇
α. (12.14.2)

Thus,

◦
τ p : D =

�
τ p : D = (Ṫ)p : Ė = −

n∑
α=1

n∑
β=1

gαβ γ̇
α γ̇β . (12.14.3)

In this expression we can replace the number of active slip systems n with

the number of critical slip systems n0, because γ̇α = 0 for inactive critical



Figure 12.4. (a) The yield vertex formed by two segments
1 and 2. Indicated are the fully active range of slip on both
slip systems, the two ranges of single slip, and the range
of elastic unloading. (b) The same as in (a), but without
latent hardening. The fully active range coincides with the
prolongation of the yield vertex.

systems. Thus, if the matrix with components gαβ over all critical systems

is positive definite, Eq. (12.14.3) yields

◦
τ p : D =

�
τ p : D = (Ṫ)p : Ė < 0. (12.14.4)

The inequality holds regardless of whether the crystal is in the state of

overall hardening or softening (Fig. 12.5). Recall that, in the context of

general strain measures, the quantity dE : dpT is measure invariant, i.e.,

it does not change its value with the change of strain E and its conjugate

stress measure T.

On the other hand,

◦
τ : Dp

(0) =
�
τ : Dp

(1) = Ṫ : (Ė)p. (12.14.5)

This can be deduced from the derived equations in Sections 12.5 and 12.9,

i.e., from

Hα :
◦
τ =

n∑
β=1

aαβ γ̇
β , Gα :

�
τ = Gα

0 : Ṫ =
n∑
β=1

bαβ γ̇
β , (12.14.6)

Dp
(0) =

n∑
α=1

Hα γ̇α, Dp
(1) =

n∑
α=1

Gα γ̇α, (Ė)p = −
n∑
α=1

Gα
0 γ̇

α . (12.14.7)
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Figure 12.5. One-dimensional illustration of elastoplastic
inequalities for the hardening and softening material re-
sponse. Infinitesimal cycles of stress are shown in parts
(a) and (b), and of strain in parts (c) and (d). Indicated
stress and strain increments are positive when their arrows
are directed in the positive coordinate directions.

These yield

◦
τ : Dp

(0) =
n∑
α=1

n∑
β=1

aαβ γ̇
α γ̇β ,

�
τ : Dp

(1) = Ṫ : (Ė)p =
n∑
α=1

n∑
β=1

bαβ γ̇
α γ̇β .

(12.14.8)

In particular, it may happen that
◦
τ : Dp

(0) > 0, implying the hardening

relative to utilized measures of conjugate stress and strain, while
�
τ : Dp

(1) <

0, implying the softening relative to these measures.
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In fact, by multiplying Eq. (12.11.4) with γ̇α, summing over α, and by

using the first of (12.5.9) gives

◦
τ : Dp

(0) =
n∑
α=1

τ̇α γ̇α +
n∑
α=1

n∑
β=1

Cα :
(
Pβ −Hβ

)
γ̇α γ̇β . (12.14.9)

Similarly,

�
τ : Dp

(1) =
n∑
α=1

τ̇α γ̇α +
n∑
α=1

n∑
β=1

Cα :
(
Pβ −Gβ

)
γ̇α γ̇β . (12.14.10)

Their difference is, thus,

◦
τ : Dp

(0) −
�
τ : Dp

(1) =
n∑
α=1

n∑
β=1

Cα :
(
Gβ −Hβ

)
γ̇α γ̇β , (12.14.11)

or

◦
τ : Dp

(0) −
�
τ : Dp

(1) =
n∑
α=1

n∑
β=1

Cα :
(
MMM(1) −MMM(0)

)
: Cβ γ̇α γ̇β , (12.14.12)

which can be either positive or negative.

In retrospect, the inequality in (12.14.5) was anticipated in the context

of general strain measures, because the second-order work quantity dT : dpE

is not measure invariant, and changes its value with the change of strain and

its conjugate stress measure.

In contrast to (12.14.5), there is an equality

•
τ : Dp

(0) =
�
τ : Dp

(1) =
(
Fp−1 · Ṫ∗ · Fp−T

)
: (Ė)p =

n∑
α=1

τ̇α γ̇α. (12.14.13)

Further Inequalities

If dpE is the plastic part of the strain increment along plastic loading branch,

while δT is the stress increment along elastic unloading branch, from Eq.

(12.14.13) it follows that

δT : dpE =
n∑
α=1

δτα dγα < 0, (12.14.14)

provided that elastic unloading is such that it reduces τα on each critical

system (δτα < 0). The slip increments dγα are assumed to be always positive

during plastic loading, so that opposite directions of slip in the same glide



plane are represented by distinct α’s. The inequality (12.14.14) is measure

invariant. The measure invariance is clear since

−δT : dpE = δE : dpT = δF · · dpP. (12.14.15)

This follows by recalling that

dpP = KKKT : dpT, δE = δF · · KKKT , (12.14.16)

and

δT : dpE = δE : Λ(1) : dpE = −δE : dpT. (12.14.17)

Thus

δE : dpT = δF · · dpP > 0. (12.14.18)

The transition between the inequalities (12.14.14) and (12.14.18) can

also be conveniently deduced from an invariant bilinear form, introduced in

a more general context by Hill (1972). This is

δT : dpE− dpT : δE = δP · · dpF− dpP · · δF. (12.14.19)

It is easily verified that

δT : dpE− dpT : δE = 2δT : dpE = −2δE : dpT. (12.14.20)

Thus, if δT : dpE < 0, then δE : dpT > 0, and vice versa.

It is noted that

δE : Cα0 ≤ 0, α = 1, 2, . . . , n0. (12.14.21)

These inequalities hold because the elastic strain increment is directed inside

of the yield vertex in strain space formed by n0 hyperplane segments (or

along some of the vertex segments), while Cα0 are in the directions of their

outer normals (Fig. 12.6). From the inequalities (12.14.21) we can deduce

the normality rule. Indeed, by multiplying (12.14.21) with dγα ≥ 0 (dγα = 0

for n0 − n inactive critical systems at the vertex), and by summing over α,

there follows

δE :
n0∑
α=1

Cα0 dγα < 0. (12.14.22)

In view of Eq. (12.5.2), this implies the normality

δE : dpT > 0. (12.14.23)



Figure 12.6. The yield cone in strain space. The plastic
part of the rate of stress −dpT falls within the plastic cone
defined by the normals to individual yield segments, such
as Cα0 and Cβ0 . If the strain increment dE is within fully
active range, all yield segments are active and participate in
plastic flow. The elastic unloading increment of strain δE
is directed within the yield cone.

12.15. Implications of Ilyushin’s Postulate

We demonstrate in this section that the inequality (12.14.14) is in accord

with Ilyushin’s postulate of positive net work in an isothermal cycle of strain

that involves plastic slip, ∮
E

T : dE > 0. (12.15.1)

As discussed in Section 8.5, when Ilyushin’s postulate is applied to an infin-

itesimal strain cycle emanating from the yield surface, the net expenditure

of work must be positive. By the trapezoidal rule of quadrature this work is

−1
2

dpT : dE > 0, (12.15.2)

so that

dpT : dE < 0. (12.15.3)
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This inequality is often considered as a basic or fundamental inequality of

crystal plasticity (Havner, 1992). Comparing with Eq. (12.14.3), we see that

the positive definiteness of gαβ ensures that the crystal behavior is in accord

with the inequality (12.15.3).

By considering the strain cycle with a sufficiently small segment along

which the slip takes place, it was shown in Section 8.5 that Ilyushin’s pos-

tulate implies, to first order,∮
E

T : dE = (dpΨ)0 − dpΨ > 0. (12.15.4)

The plastic parts of the free energy at the strain levels E and E0, due to

change in slip alone, are defined by

dpΨ = Ψ (E, H+ dH)−Ψ (E, H) , (12.15.5)

(dpΨ)0 = Ψ
(
E0, H+ dH

)
−Ψ

(
E0, H

)
. (12.15.6)

Infinitesimal change of the pattern of internal rearrangements dH is fully

described by the slip increments dγα. The state (E,H) is on the yield

surface, while the other three states are inside the yield surface (Fig. 12.6).

The plastic change of the free energy in the loading/unloading transition

from (E,H) to (E,H+ dH) is equal to the negative of the work done on the

increment of strain caused by the slip dγα. This is, to first order,

dpΨ = −T :
n∑
α=1

Pα0 dγα = −
n∑
α=1

τα dγα. (12.15.7)

The resolved shear stress at the stress state T is τα = T : Pα0 , by Eq.

(12.7.3). The plastic change of the free energy in the loading/unloading

transition from (E0,H) to (E0,H+ dH) is equal to the negative of the work

done on slip increments dγα by the resolved shear stress τα0 , corresponding

to stress T0 at the state (E0,H). Thus,

(dpΨ)0 = −T0 :
n∑
α=1

(Pα0 )0 dγα = −
n∑
α=1

τα0 dγα, (12.15.8)

where τα0 = T0 : (Pα0 )0. Substitution into (12.15.4) gives
n∑
α=1

(τα − τα0 ) dγα > 0. (12.15.9)



The inequality may be referred to as the maximum slip work inequality

(analogous to maximum plastic work inequality discussed in Section 8.6).

Introducing the elastic unloading increments of the resolved shear stress

δτα = τα − τα0 , (12.15.10)

the inequality (12.15.9) becomes
n∑
α=1

δτα dγα < 0. (12.15.11)

Since

δT : dpE = −δE : dpT =
n∑
α=1

δτα dγα, (12.15.12)

we conclude that Ilyushin’s postulate (12.15.4), and the resulting inequality

(12.15.11), ensure (12.14.14) and (12.14.18), and the normality properties

for dpE and dpT.

12.16. Lower Bound on Second-Order Work

In this section we prove that the symmetric positive definite matrix of moduli

gαβ , over all n0 critical systems, guarantees that the second-order work dT :

dE in an actual crystal response, with n < n0 active slip systems, is not

less than it would be with all critical systems active (Sewell, 1972; Havner,

1992). To that goal, introduce the net resistance force on a critical system

α by

ḟα = τ̇αcr − τ̇α

{
= 0, γ̇α > 0,
≥ 0, γ̇α = 0.

(12.16.1)

The rates of the critical resolved shear stress and the resolved shear stress

are defined by Eqs. (12.9.1) and (12.9.19), i.e.,

τ̇αcr =
n0∑
β=1

hαβ γ̇
β , (12.16.2)

τ̇α = Cα0 : Ė−
n0∑
β=1

Cα0 : Pβ0 γ̇
β . (12.16.3)

Since, from Eq. (12.9.27), hαβ = gαβ − Cα0 : Pβ0 , the substitution of Eqs.

(12.16.2) and (12.16.3) into (12.16.1) yields

ḟα =
n0∑
β=1

gαβ γ̇
β −Cα0 : Ė. (12.16.4)



If the matrix gαβ is positive definite, it has an inverse, and Eq. (12.16.4)

can be solved for γ̇α to give

γ̇α =
n0∑
β=1

g−1
αβ

(
ḟβ + Cβ0 : Ė

)
. (12.16.5)

The plastic part of the stress rate can then be expressed from Eq. (12.5.2)

as

(Ṫ)p = −
n0∑
α=1

Cα0 γ̇
α = −

n0∑
α=1

n0∑
β=1

Cα0 g
−1
αβ

(
ḟβ + Cβ0 : Ė

)
. (12.16.6)

The substitution into

(Ṫ)p = Λ(1) : Ė + (Ṫ)p (12.16.7)

gives

Ṫ = Λp
(1) : Ė−

n0∑
α=1

n0∑
β=1

Cα0 g
−1
αβ ḟ

β . (12.16.8)

The tensor

Λp
(1) = Λ(1) −

n0∑
α=1

n0∑
β=1

g−1
αβ

(
Cα0 ⊗Cβ0

)
(12.16.9)

is the stiffness tensor of fully plastic response, in which all critical systems

are supposed to be active (ḟα = 0 for α = 1, 2, . . . , n0).

By taking a trace product of (12.16.8) with Ė, we obtain

Ṫ : Ė = Ė : Λp
(1) : Ė−

n0∑
α=1

n0∑
β=1

(
Cα0 : Ė

)
g−1
αβ ḟ

β . (12.16.10)

The term involving a double sum on the right-hand side can be expressed,

by substituting Eq. (12.16.4) to eliminate Cα0 : Ė, as
n0∑
α=1

n0∑
β=1

(
Cα0 : Ė

)
g−1
αβ ḟ

β = −
n0∑
α=1

n0∑
β=1

g−1
αβ ḟ

αḟβ +
n0∑
α=1

n0∑
β=1

n0∑
ν=1

gαν g
−1
αβ γ̇

ν ḟβ .

(12.16.11)

If gαβ is a symmetric matrix, the sum over α of gαν g−1
αβ is equal to δνβ ,

and the triple sum on the right-hand side of (12.16.11) vanishes, because

γ̇β ḟβ = 0 for all β (ḟβ vanishing on active and γ̇β on inactive slip systems).

Therefore, Eq. (12.16.10) reduces to

Ṫ : Ė = Ė : Λp
(1) : Ė +

n0∑
α=1

n0∑
β=1

g−1
αβ ḟ

αḟβ . (12.16.12)



Since gαβ is positive definite, we infer that

Ṫ : Ė ≥ Ė : Λp
(1) : Ė. (12.16.13)

The equality holds only if the actual response momentarily takes place with

all critical systems active. Alternatively, expressed in terms of increments,(
dT−Λp

(1) : dE
)

: dE ≥ 0, (12.16.14)

which establishes a lower bound on the second-order work quantity dT : dE.

12.17. Rigid-Plastic Behavior

In the rigid-plastic idealization,

F = R∗ · Fp, (12.17.1)

where R∗ is the lattice rotation, which carries the lattice vector sα0 into

sα = R∗ · sα0 . The lattice rate of deformation vanishes (D∗ = 0), and the

total rate of deformation is solely due to slip,

D =
n∑
α=1

Pα γ̇α. (12.17.2)

The spin tensor can be expressed as

W = W∗ +
n∑
α=1

Qα γ̇α. (12.17.3)

The lattice spin is

W∗ = Ṙ∗ ·R∗−1, (12.17.4)

while

Pα + Qα = sα ⊗mα = R∗ · (sα0 ⊗mα
0 ) ·R∗T . (12.17.5)

The rate of the generalized Schmid stress on an active slip system meets the

consistency condition

τ̇α = Pα :
•
σ =

n∑
β=1

hαβ γ̇
β . (12.17.6)

It is noted that for the rigid-plastic model of crystal plasticity, the defor-

mation is isochoric (detF = 1), so that the Kirchhoff and Cauchy stress

coincide (τ = σ). By substituting Eq. (12.2.14) for
•
σ, there follows

Pα :
◦
σ =

n∑
β=1

aαβ γ̇
β , (12.17.7)



where

aαβ = hαβ −Pα :
(
Qβ · σ− σ ·Qβ

)
. (12.17.8)

The slip rates are thus

γ̇α =
n∑
β=1

a−1
αβ Pβ :

◦
σ, (12.17.9)

provided that the inverse matrix a−1
αβ exists (see, also, Khan and Huang,

1995).

Alternative derivation proceeds from

τ̇α = Pα0 :
(
Fp−1 · Ṫ∗ · Fp−T

)
=

n∑
β=1

hαβ γ̇
β . (12.17.10)

By substituting Eq. (12.2.17), we have

Pα0 : Ṫ =
n∑
β=1

bαβ γ̇
β , (12.17.11)

where

bαβ = hαβ −Pα0 :
(
Zβ0 ·T + T · Zβ0 T

)
. (12.17.12)

If this matrix is invertible, the slip rates are

γ̇α =
n∑
β=1

b−1
αβ Pβ0 : Ṫ. (12.17.13)

When the convected derivative of the Kirchhoff stress is used, the slip

rates can be expressed as

γ̇α =
n∑
β=1

b−1
αβ Pβ :

�
σ, (12.17.14)

with

bαβ = hαβ −Pα :
[(

Pβ + Qβ
)
· σ + σ ·

(
Pβ −Qβ

)]
. (12.17.15)

It is easily verified that

Pα0 : Ṫ = Pα :
�
σ, (12.17.16)

and

Pα0 :
(
Zβ0 ·T + T · Zβ0 T

)
= Pα :

[(
Pβ + Qβ

)
· σ + σ ·

(
Pβ −Qβ

)]
.

(12.17.17)

Evidently,

◦
σ : D =

n∑
α=1

n∑
β=1

aαβ γ̇
α γ̇β , (12.17.18)



�
σ : D = Ṫ : Ė =

n∑
α=1

n∑
β=1

bαβ γ̇
α γ̇β . (12.17.19)

The sign of these clearly depends on the positive definiteness of the matrices

aαβ and bαβ , respectively. In particular, one can be positive, the other can

be negative.

12.18. Geometric Softening

A rigid-plastic model can be conveniently used to illustrate that the lattice

rotation can cause an apparent softening of the crystal, even when the slip

directions are still hardening. Consider a specimen under uniaxial tension

oriented for single slip along the direction s0, on the slip plane with the

normal m0 (Fig. 12.7). The corresponding rate of deformation and the spin

tensors can be expressed from Eqs. (12.17.2), (12.17.3), and (12.17.9) as

D =
1
a

(P⊗P) :
◦
σ, (12.18.1)

W = W∗ +
1
a

(Q⊗P) :
◦
σ, (12.18.2)

where

a = h−P : (Q · σ− σ ·Q), (12.18.3)

and

P =
1
2

(s⊗m + m⊗ s), Q =
1
2

(s⊗m−m⊗ s). (12.18.4)

Suppose that the specimen is under uniaxial tension in the direction n, which

is fixed by the grips of the loading machine. The Cauchy stress tensor is then

σ = σ n⊗ n, (12.18.5)

the material spin is W = 0, and

◦
σ = σ̇ n⊗ n. (12.18.6)

It follows that

P :
◦
σ = σ̇ (m · n)(s · n) = σ̇ cosφ cosψ, (12.18.7)

where φ is the angle between the current slip plane normal m and the loading

direction n, while ψ is the angle between the current slip direction s and the



Figure 12.7. Single crystal under uniaxial tension oriented
for single slip along the slip direction s0 in the slip plane with
the normal m0; parts (a) and (b). The lattice rotates dur-
ing deformation so that the slip direction s in the deformed
configuration makes an angle ψ with the longitudinal direc-
tion n; part (c). The angle between the slip plane normal
m and the longitudinal direction is φ.

loading direction n (Fig. 12.7). It is easily found that

P : (Q · σ− σ ·Q) =
1
2
σ

[
(m · n)2 − (s · n)2

]
=

1
2
σ (cos2 φ− cos2 ψ).

(12.18.8)

Therefore, upon substitution into Eq. (12.18.1),

D =
σ̇ cosφ cosψ

h− 1
2 (cos2 φ− cos2 ψ)

P. (12.18.9)

Denoting by e the longitudinal strain in the direction of the specimen axis

n, we can write

ė = n ·D · n, (12.18.10)

and Eq. (12.18.9) yields

ė =
σ̇ cos2 φ cos2 ψ

h− 1
2 (cos2 φ− cos2 ψ)

, (12.18.11)
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i.e.,

σ̇ =
[

h

cos2 φ cos2 ψ
− σ (cos2 φ− cos2 ψ)

2 cos2 φ cos2 ψ

]
ė. (12.18.12)

Depending on the current orientation of the active slip system, the modulus

in Eq. (12.18.12) can be positive, zero or negative. If the lattice has rotated

such that

cos2 φ− cos2 ψ >
2h
σ
, (12.18.13)

the current modulus is negative, although the slip direction may still be

hardening (h > 0). The resulting apparent softening is purely geometrical

effect, due to rotation of the lattice caused by crystallographic slip, and is

referred to as geometric softening. In the derivation it was assumed that the

lattice rotation does not activate the slip on another slip system.

The product

M = cosφ cosψ (12.18.14)

is known as the Schmid factor. The resolved shear stress in the slip direction,

due to applied tension σ, is τ = M σ. Since the rate of work can be expressed

as ẇ = σ ė = τ γ̇, it follows that the slip rate γ̇ can be expressed in terms

of the longitudinal strain rate ė as γ̇ = ė/M . Therefore, larger the Schmid

factor M , larger the resolved shear stress on the slip system and smaller the

corresponding slip rate.

Since the material spin vanishes in uniaxial tension (W = 0), from Eq.

(12.18.2) we obtain an expression for the lattice spin

W∗ = − σ̇ cosφ cosψ
h− 1

2 (cos2 φ− cos2 ψ)
Q. (12.18.15)

An analysis of lattice spin in an elastoplastic crystal under uniaxial tension

is presented in the paper by Aravas and Aifantis (1991).

12.19. Minimum Shear and Maximum Work Principle

The only mechanism of deformation in rigid-plastic crystal, within the frame-

work of this chapter, is the simple shearing on active slip systems. Therefore,

if the slip rates γ̇α (α = 1, 2, . . . , n) are prescribed, the corresponding rate

of deformation is uniquely determined from

D =
n∑
α=1

Pα γ̇α. (12.19.1)



On the other hand, when the components of D are prescribed, there are n0

unknown slip rates on n0 critical systems, and 5 independent equations be-

tween them (trD being equal to zero, since slip is an isochoric deformation

process). If there are less than five available slip systems (as in hexagonal

crystals), a combination of shears cannot be found that produces an arbitrary

D. If n0 = 5, there is a unique set of slip rates provided that the determi-

nant of the coefficients is not equal to zero (independent slip systems; e.g.,

if three slip systems are in the same plane, only two are independent). If

n0 > 5, a set of five slip systems can be selected in any one of Cn0
5 ways; the

corresponding slip rates can be found for those sets that consist of five inde-

pendent slip systems (see Section 14.2). Of course, it may also be possible

to find combinations of six or more slip rates that give rise to a prescribed

D.

Selection of the physically operative combination is greatly facilitated

by the following Taylor’s minimum shear principle: among all geometrically

possible combinations of shears that can produce a prescribed strain, physi-

cally possible (operative) combination renders the sum of the absolute values

of shears the least. If more than one combination is physically possible, the

sums of the corresponding absolute values of shears are equal. The principle

was proposed by Taylor (1938), and was proved by Bishop and Hill (1951).

Indeed, let n slip rates γ̇α be actually operating set producing a prescribed

D, at the given state of stress σ, i.e.,

n∑
α=1

Pα γ̇α = D,
∣∣ τα ∣∣ =

∣∣ Pα : σ
∣∣ = ταcr (α = 1, 2, . . . , n). (12.19.2)

Here, for convenience, the slip in the opposite sense along the same slip di-

rection is not considered as an independent slip system, so that γ̇α < 0 when

τα < 0. The Bauschinger effect along the slip direction is assumed to be ab-

sent in Eq. (12.19.2). Further, let n̄ slip rates ˙̄γα be geometrically possible,

but not physically operating, set of shears associated with a prescribed D,

i.e.,

n̄∑
α=1

P̄α ˙̄γα = D,
∣∣ τ̄α ∣∣ =

∣∣ P̄α : σ
∣∣≤ τ̄αcr (α = 1, 2, . . . , n̄). (12.19.3)



Then, we can write

σ : D =
n∑
α=1

Pα : σ γ̇α =
n̄∑
α=1

P̄α : σ ˙̄γα, (12.19.4)

or,
n∑
α=1

τα γ̇α =
n̄∑
α=1

τ̄α ˙̄γα. (12.19.5)

Furthermore,
n∑
α=1

τα γ̇α =
n∑
α=1

∣∣ τα ∣∣ ∣∣ γ̇α ∣∣ =
n∑
α=1

ταcr
∣∣ γ̇α ∣∣, (12.19.6)

n̄∑
α=1

τ̄α ˙̄γα =
n̄∑
α=1

∣∣ τ̄α ∣∣ ∣∣ ˙̄γα
∣∣≤ n̄∑

α=1

τ̄αcr
∣∣ ˙̄γα

∣∣ . (12.19.7)

Consequently, upon combination with Eq. (12.19.5),
n∑
α=1

ταcr
∣∣ γ̇α ∣∣≤ n̄∑

α=1

τ̄αcr
∣∣ ˙̄γα

∣∣ . (12.19.8)

This means that the work on physically operating slip rates is not greater

than the work on the slip rates that are only geometrically possible. If the

hardening on all slip systems is the same (isotropic hardening), the critical

resolved shear stresses at a given stage of deformation are equal on all slip

systems (regardless of how much slip actually occurred on individual slip

systems), and (12.19.8) reduces to
n∑
α=1

∣∣ γ̇α ∣∣≤ n̄∑
α=1

∣∣ ˙̄γα
∣∣ . (12.19.9)

This is the minimum shear principle. Among all geometrically admissible

sets of slip rates, the sum of absolute values of the slip rates is least for the

physically operative set of slip rates.

Bishop and Hill (1951) also formulated and proved the maximum work

principle for a rigid-plastic single crystal. If D is the rate of deformation that

takes place at the state of stress σ, then for any other state of stress σ∗,

which does not violate the yield condition on any slip system, the difference

of the corresponding rates of work per unit volume is

(σ− σ∗) : D =
n∑
α=1

(τα − τα∗ ) γ̇α. (12.19.10)



The summation extends over all slip rates of a set giving rise to the rate

of deformation tensor D at the state of Cauchy stress σ. If γ̇α > 0 in the

direction α, then

τα − τα∗ = ταcr+ − τα∗ ≥ 0. (12.19.11)

If γ̇α < 0 in the direction α, then

τα − τα∗ = −ταcr− − τα∗ ≤ 0, (12.19.12)

since by hypothesis

−ταcr− ≤ τα∗ ≤ ταcr+ . (12.19.13)

The microscopic Bauschinger effect is here allowed, so that the critical shear

stresses in opposite directions may be different (ταcr− = ταcr+). All products

in the sum on the right-hand side of Eq. (12.19.10) are thus positive or zero,

and so

(σ− σ∗) : D ≥ 0, (12.19.14)

which is the principle of maximum work. The equality in (12.19.14) holds

only when τα = τα∗ for all active slip systems. If there are at least 5 of these,

the stress states σ and σ∗ can only differ by a hydrostatic stress.

12.20. Modeling of Latent Hardening

A diagonal term hαα of the hardening matrix represents the rate of self-

hardening, i.e., the rate of hardening on the slip system α due to slip on

that system itself. An off-diagonal term hαβ represents the rate of latent or

cross hardening, i.e., the rate of hardening on the slip system α due to slip

on the system β. It has been observed that the ratio of latent hardening

to self-hardening is frequently in the range between 1 and 1.4 (Kocks, 1970;

Asaro, 1983a; Bassani, 1990; Bassani and Wu, 1991). For slip systems within

the same plane (coplanar systems), the ratio is closer to 1. Larger values are

observed for systems on intersecting slip planes. Estimates of latent hard-

ening are most commonly done by the measurements of the lattice rotation

“overshoot”. When the single crystal is deformed by tension in a single slip

mode, the lattice rotates relative to the loading axis, so that the slip direc-

tion rotates toward the loading axis. After a finite amount of slip on the

primary system, a second (conjugate) slip system becomes critical. If the la-

tent hardening on the conjugate slip system is larger than the self-hardening



Figure 12.8. Plane model of a single crystal. Initially,
the crystal deforms by single slip on the primary slip sys-
tem (sp,mp). As the lattice rotates through the angle ω,
the conjugate slip system (sc,mc) becomes critical, which
results in double slip of the crystal.

on the primary system, the lattice rotation overshoots the symmetry posi-

tion, at which the two slip directions are symmetric about the tensile axis,

until the resolved shear stress on the conjugate system exceeds that on the

primary system, and the conjugate slip begins. This is schematically illus-

trated in Fig. 12.8. Other methods for estimating latent hardening are also

available. An optical micrograph showing the primary and conjugate slip is

shown in Fig. 12.9. The primary slip system is designated by (sp,mp), and

the conjugate slip system by (sc,mc).
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The simplest model of latent hardening is associated with a symmetric

matrix of the hardening rates

hαβ = h1 + (h− h1) δαβ , (12.20.1)

where h is the rate of self-hardening, and h1 is the rate of latent harden-

ing (1 ≤ h1/h ≤ 1.4). For h1 = h, Taylor’s (1938) isotropic hardening

is obtained, i.e., hαβ = h for all slip systems, momentarily active or not.

However, a symmetric form of the hardening matrix hαβ in Eq. (12.20.1)

implies, from Eq. (12.9.27), a nonsymmetric matrix of the moduli gαβ , and,

thus, a nonsymmetric elastoplastic stiffness tensors in the constitutive equa-

tions (12.9.33)–(12.9.35). The lack of reciprocal symmetry of these tensors

prevents the variational formulation of the boundary value problem, and

makes analytical study of elastoplastic uniqueness and bifurcation problems

more difficult. For localization in single crystals, see Asaro and Rice (1979),

Pierce, Asaro, and Needleman (1982), Pierce (1983), and Perzyna and Kor-

bel (1996).

To achieve the symmetry of gαβ , Havner and Shalaby (1977,1978) pro-

posed that

hαβ = h+ Pα :
(
Qβ · τ− τ ·Qβ

)
= h+ 2

(
Pα ·Qβ

)
: τ, (12.20.2)

since then

gαβ = h+ Pα : LLL(0) : Pβ + 2
(
Pα ·Qβ + Pβ ·Qα

)
: τ (12.20.3)

becomes symmetric (gαβ = gβα). The hardening law of Eq. (12.9.1) can in

this case be expressed, with the help of (12.1.13), as

τ̇αcr = h

n∑
β=1

γ̇β + 2Pα : [(W −W∗) · τ ] . (12.20.4)

If the loading and orientation of the crystal are such that the lattice spin is

equal to the material spin, the above reduces to Taylor’s hardening model

(Havner, 1992). Pierce, Asaro, and Needleman (1982) observed that the

latent hardening rates from Eq. (12.20.2) are too high, and proposed instead

hαβ = h1 + (h− h1) δαβ +
(
Pα ·Qβ −Pβ ·Qα

)
: τ, (12.20.5)

which gives

gαβ = h1 + (h− h1) δαβ + Pα : LLL(0) : Pβ +
(
Pα ·Qβ + Pβ ·Qα

)
: τ.

(12.20.6)



Figure 12.9. Optical micrographs of α-brass crystals de-
formed in tension, showing the primary and conjugate slips
(from Asaro, 1983b; with permission from Academic Press).

Still, the predicted rates of latent hardening were above experimentally ob-

served values.

Other models of latent hardening were also suggested in the literature.

A two-parameter modification of Taylor’s model was proposed by Nakada

and Keh (1966). According to this model,

τ̇αcr = h1

n1∑
i=1

γ̇i + h2

n2∑
j=1

γ̇j , (12.20.7)

where

mi = mα, mj = mα, h2 > h1 > 0. (12.20.8)

The rate of hardening on the slip system (α) and all coplanar systems is h1,

while h2 is the rate of hardening on other slip systems. The sum n1 +n2 = n

is the number of all active slip systems. Further analysis and the study of

the response of f.c.c. and b.c.c. crystals based on the considered hardening

models can be found in Havner (1985,1992). For example, Havner (1992)

demonstrated that, under infinitesimal lattice strain, all hardening models

here considered are in accord with the basic inequality dpT : dE < 0, and

they all give rise to positive definite matrix gαβ . See also Weng (1987).



12.21. Rate-Dependent Models

One of the difficulties with the rate-independent crystal plasticity is that

the slip rates γ̇α may not be uniquely determined in terms of the prescribed

deformation or stress rates. When the deformation rates are prescribed,

uniqueness is not guaranteed when more than five linearly independent slip

systems are potentially active. When the stress rates are prescribed, unique-

ness is not guaranteed even with fewer than five active systems, particularly

when a full range of realistic experimental data for strain hardening behavior

is used (Pierce, Asaro, and Needleman, 1983). This has stimulated intro-

duction of the rate-dependent models of crystal plasticity. The slip rates in

the constitutive equations from Section 12.4, such as

dT
dt

= Λ(1) :
dE
dt
−

N∑
α=1

Cα0
dγα

dt
, (12.21.1)

are prescribed directly and uniquely in terms of the current stress state and

the internal structure of the material. The derivatives in Eq. (12.21.1) are

with respect to physical time t. In this formulation, there is no explicit

yielding, or division of slip systems into active and inactive. All slip systems

are active: if the resolved shear stress on a slip system is nonzero, the plastic

shearing occurs.

An often utilized expression for the slip rates is the power-law of the type

used by Hutchinson (1976) for polycrystalline creep, and by Pan and Rice

(1983) to describe the influence of the rate sensitivity on the yield vertex

behavior in single crystals. This is

γ̇α = γ̇α0 sgn(τα)
∣∣∣ τα
ταr

∣∣∣1/m . (12.21.2)

The resolved shear stress is τα = sα · τ ·mα. The current strain-hardened

state of slip systems is represented by the hardness parameters ταr , γ̇α0 is

the reference rate of shearing (which can be same for all slip systems), m

characterizes the material rate sensitivity, and sgn is the sign function. The

rate-independent response is achieved in the limit m → 0. For sufficiently

small values of m (say, m ≤ 0.02), the slip rates γ̇α are exceedingly small

when τα < ταr , so that “yielding” would appear to occur abruptly as τα



approaches the current value of ταr . The hardening parameters ταr are pos-

itive. Their initial values are ταr o, and they change according to evolution

equations

τ̇αr =
N∑
β=1

hαβ |γ̇β |. (12.21.3)

The slip hardening moduli, including self and latent hardening, are hαβ .

Since all slip systems are potentially active in the rate-dependent formula-

tion, it is more convenient to consider
(
sα,mβ

)
and

(
−sα,mβ

)
as the same

slip system, i.e., to permit γ̇α to be negative if the corresponding τα is neg-

ative. This sign convention is embodied in Eqs. (12.21.2) and (12.21.3). For

example, the total number of slip systems in f.c.c. crystals is then N = 12.

In practice, the functions ταr would be fit to τ vs. γ curves, obtained from

the crystal deformed in the single slip modes, and with latent hardening

estimated from the measurements of the lattice rotation overshoots (Asaro,

1983a). If all self-hardening moduli are equal to h and all latent hardening

moduli are equal to h1, we can write

hαβ = h1 + (h− h1) δαβ . (12.21.4)

In their analysis of localization of deformation in rate-dependent single crys-

tals subject to tensile loading, Pierce, Asaro, and Needleman (1983) used

the following expression for the change of the self-hardening modulus during

the slip,

h = h(γ) = h0 sech2
∣∣∣ h0γ

τs − τ0

∣∣∣ . (12.21.5)

The initial hardening rate is h0, the initial yield stress is τ0, and γ is the

cumulative shear strain on all slip systems,

γ =
N∑
α=1

|γα|. (12.21.6)

The hardening rule (12.21.5) describes the material that saturates at large

strains, as the flow stress approaches τs. The latent hardening modulus is

taken to be h1 = q h, where q is in the range 1 ≤ q ≤ 1.4.

A described rate-dependent model of crystal plasticity allows an ex-

tension of the rate-independent calculations for various problems to much

broader range of the material strain hardening properties and crystal geom-

etry. For example, Pierce, Asaro, and Needleman (1983) found that even a



Figure 12.10. Formation of the macroscopic shear band
(MSB) within clusters of coarse slip bands (CSB) in an
aluminum-copper alloy crystal (from Chang and Asaro,
1981; with permission from Elsevier Science).

very moderate rate sensitivity had a noticeable influence on the development

of localized deformation modes. Additional analysis is given by Zarka (1973),

Canova, Molinari, Fressengeas, and Kocks (1988), and Teodosiu (1997). A

micrograph of the coarse slip band and macroscopic shear band from exper-

imental study of localized flow in single crystals by Chang and Asaro (1981)

is shown in Fig. 12.10.

12.22. Flow Potential and Normality Rule

To make a contact with the rate-dependent analysis presented in Section

8.4, we derive the flow potential for the plastic part of the strain rate, cor-

responding to the slip rates of Eq. (12.21.2). To that goal, we first rewrite

Eq. (12.21.1) as

dE
dt

= M(1) :
dT
dt

+
N∑
α=1

Gα
0

dγα

dt
, (12.22.1)



where Gα
0 = M(1) : Cα0 and N is the number of all available slip systems.

The plastic contribution to the strain rate is

dpE
dt

=
N∑
α=1

Gα
0

dγα

dt
. (12.22.2)

The multiplication with an instantaneously applied stress increment δT,

which would give rise to purely elastic strain increment δE, yields

δT :
dpE
dt

=
N∑
α=1

(Gα
0 : δT)

dγα

dt
. (12.22.3)

On the other hand, from Eq. (12.9.13),

δτα = Cα0 :
(
FpT · dE∗ · Fp

)
= Cα0 : δE = Gα

0 : δT, (12.22.4)

since δE = M(1) : δT. The substitution into Eq. (12.22.3) gives

δT :
dpE
dt

=
N∑
α=1

δτα
dγα

dt
. (12.22.5)

The slip rates in Eq. (12.21.2) are prescribed as functions of the resolved

shear stress τα and the hardness parameter ταr . This implies that

δτα
dγα

dt
= δωα (τα, ταr ) , (12.22.6)

and
dγα

dt
=

∂ωα

∂τα
. (12.22.7)

Here,

ωα =
m

m+ 1
γ̇α0 τ

α
r

∣∣∣ τα
ταr

∣∣∣m+1
m

(12.22.8)

is a scalar flow potential for the slip system α. Consequently, Eq. (12.22.5)

becomes

δT :
dpE
dt

=
N∑
α=1

δωα (τα, ταr ) = δΩ
(
T, τ1

r , τ
2
r , . . . , τ

N
r

)
. (12.22.9)

This establishes the normality rule

dpE
dt

=
∂Ω
∂T

. (12.22.10)

The overall (macroscopic) flow potential for the plastic part of strain rate is

Ω =
N∑
α=1

ωα =
N∑
α=1

m

m+ 1
γ̇α0 τ

α
r

∣∣∣ τα
ταr

∣∣∣m+1
m

, τα = Pα0 : T. (12.22.11)
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